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Abstract 

This article is concerned with an extensive study of a infinite-dimensional Lie algebra sd, 
introduced in in the context of non-equilibrium statistical physics, containing as subalgebras 
both the Lie algebra of invariance of the free Schrodinger equation and the central charge-free 
Virasoro algebra Vect(S'"^). We call so the Schrodinger-Virasoro Lie algebra. We choose to present 
5d from a Newtonian geometry point of view first, and then in connection with conformal and 
Poisson geometry. We turn afterwards to its representation theory: realizations as Lie symmetries 
of field equations, coadjoint representation, coinduced representations in connection with Cartan's 
prolongation method (yielding analogues of the tensor density modules for Vect(5^)), and finally 
Verma modules with a Kac determinant formula. We also present a detailed cohomogical study, 
providing in particular a classification of deformations and central extensions; there appears a 
non-local cocycle. 
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Introduction 



There is, in the physical hterature of the past decades - without mentioning the pioneering works of 
Wigner for instance -, a deeply rooted belief that physical systems - macroscopic systems for statistical 
physicists, quantum particles and fields for high energy physicists - could and should be classified 
according to which group of symmetries act on them and how this group acts on them. 

Let us just point at two very well-known examples : elementary particles on the (3 + l)-dimensional 
Minkowski space-time, and two-dimensional conformal field theory. 

From the point of view of 'covariant quantization', introduced at the time of Wigner, elementary 
particles of relativistic quantum mechanics (of positive mass, say) may be described as irreducible 
unitary representations of the Poincare group p4 ^ so(3, 1) x M^, which is the semi-direct product of 
the Lorentz group of rotations and relativistic boosts by space-time translations : that is to say, the 
physical states of a particle of mass m > and spin s G |N are in bijection with the states of the Hilbert 
space corresponding to the associated irreducible representation of p4; the indices (m, s) characterizing 
positive square mass representations come from the two Casimir of the enveloping algebra U{p4). 

This 'covariant quantization' has been revisited by the school of Souriau in the 60'es and 70'es as 
a particular case of geometric quantization; most importantly for us, the physicists J.- J. Levy-Leblond 
and C. Duval introduced the so-called Newton- Cartan manifolds (which provide the right geometric 
frame for Newtonian mechanics, just as Lorentz manifolds do for relativistic mechanics) and applied 
the tools of geometric quantization to construct wave equations in a geometric context. 

Two-dimensional conformal field theory is an attempt at understanding the universal behaviour 
of two-dimensional statistical systems at equilibrium and at the critical temperature, where they un- 
dergo a second-order phase transition. Starting from the basic assumption of translational and rota- 
tional invariance, together with the fundamental hypothesis (confirmed by the observation of the fractal 
structure of the systems and the existence of long-range correlations, and made into a cornerstone of 
renormalization-group theory) that scale invariance holds at criticality, one is ^ naturally led to the idea 
that invariance under the whole conformal group Con{{d) should also hold. This group is known to be 
finite-dimensional as soon as the space dimension d is larger than or equal to three, so physicists became 
very interested in dimension d = 2, where local conformal transformations are given by holomorphic or 
anti-holomorphic functions. A systematic investigation of the theory of representations of the Virasoro 
algebra (considered as a central extension of the algebra of infinitesimal holomorphic transformations) 
in the 80'es led to introduce a class of physical models (called unitary minimal models), correspond- 
ing to the unitary highest weight representations of the Virasoro algebra with central charge less than 
one. Miraculously, covariance alone is enough to allow the computation of the statistic correlators - or 
so-called 'n-point functions' - for these highly constrained models. 

We shall give here a tentative mathematical foundation (though very sketchy at present time, and 
not pretending to have physical applications!) to closely related ideas, developed since the mid-nineties 
(see short survey [17j), and applied to two related fields : strongly anisotropic critical systems and 
out-of-equilibrium statistical physics (notably ageing phenomena). Theoretical studies and numerical 
models coming from both fields have been developed, in which invariance under space rotations and 
anisotropic dilations (t, r) — > (e'^^t, e^r) (A G M) plays a central role. Here r G M*^ is considered as a space 
coordinate and t G M is (depending on the context) either the time coordinate or an extra (longitudinal, 
say) space coordinate; the parameter z 1 is called the anisotropy or dynamical exponent. 

^for systems with sufEciently short-ranged interactions 
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We shall here restrict (at least most of the time) to the value z = 2. Then the simplest wave 
equation invariant under translations, rotations and anisotropic dilations is the free Schrodinger equation 
2J\4.dtip = Adip, where := Yl'i=i is the Laplacian in spatial coordinates. So it is natural to believe 
that this equation should play the same role as the Klein-Gordon equation in the study of relativistic 
quantum particles, or the Laplace equation in conformal field theory, whose maximal group of Lie 
symmetries is the conformal group; in other words, one may also say that we are looking for symmetry 
groups arising naturally in a non-relativistic setting, while hoping that their representations might be 
applied to a classification of non-relativistic systems, or, more or less equivalently, to {z = 2) anisotropic 
systems. 

This program, as we mentioned earlier in this introduction, was partially carried out by Duval, 
Kiinzle and others through the 70'es and 80'es (see for instance [Duvl,Duv2,Duv3,Duv4]). We shall 
discuss it briefly in the first part and see how the maximal group of Lie symmetries of the Schrodinger 
group, Schrf, called the Schrodinger group, appears in some sense as the natural substitute for the 
conformal group in Newtonian mechanics. Unfortunately, it is finite-dimensional for every value of 
d, and its unitary irreducible representations are well- understood and classified (see |2ZI), giving very 
interesting though partial informations on two- and three-point functions in anisotropic and out-of- 
equilibrium statistical physics at criticality that have been systematically pursued in the past ten years 
of so (see [SH E21 ESI CHI 113 13) but relying on rather elementary mathematics, so this story could well 
have stopped here short of further arguments. 

Contrary to the conformal group though, which corresponds to a rather 'rigid' riemannian or 
Lorentzian geometry, the Schrodinger group is only one of the groups of symmetries that come out 
of the much more 'flexible' Newtonian geometry, with its loosely related time and space directions. In 
particular (restricting here to one space dimension for simplicity, although there are straightforward 
generalizations in higher dimension), there arises a new group SV, which will be our main object of 
study, and that we shall call the Schrddinger-Virasoro group for reasons that will become clear shortly. 
Its Lie algebra SD was originally introduced by M. Henkel in 1994 (see ^1]) as a by-product of the 
computation of n-point functions that are covariant under the action of the Schrodinger group. It is 
given abstractly as 

5D = (L„)„gz © {Y^)m^+z © {Mp)pez (0.1) 

with relations 

[Ln, Lp] = {n- p)Ln+p (0.2) 

Tl 

[Ln, Y„,] = {-- m)Yn+m, [Ln, Mp] = -pMp (0.3) 

[y^, = (m - m')Mm+n.', [Ym, Mp] = 0, [M„, MJ = (0.4) 

{n,p E Z,m,m' E ^ + Z). Denoting by Vect(S'^) = {Ln)n&z the Lie algebra of vector fields on the circle 
(with brackets [L„,Lp] = {n — p)Ln+p), so may be viewed as a semi-direct product SD ~ Vect(S'^) x [), 
where f) = (l^m)mg|+z © (^p)pgz is a two-step nilpotent Lie algebra, isomorphic to jFi © JFq as a 
Vect(S'^)-module (see Definition 1.3 for notations). 

This articles aims at motivating the introduction of the so-algebra and related objects, and at 
studying them from a mathematical point of view. It is not an easy task to choose the best order of 
exposition since, as usual in mathematics, the best motivation for introducing a new object is often 
provided by what can be done with it, and also because the so algebra actually appears in many contexts 
(not only in the geometric approach chosen in this introduction), and it is actually a matter of taste to 
decide which definition is most fundamental. Generally speaking, though, we shall be more concerned 
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with giving various definitions of so in tfie two or tliree first parts, and with the study of so proper and 
its representations in the rest of the article. 

Here is the plan of the article. 

Chapter 1 will be devoted to a geometric introduction to so and SV in the frame of Newton-Cartan 
manifolds, as promised earlier in this introduction. 

In Chapter 2, we shall prove that sci)'^ = Lie(Sch'^) appears as a real subalgebra of conf((i + 2)c, 
extending results contained in a previous article of M. Henkel and one of the authors (see [25 )• 
shall also give a 'no-go' theorem proving that this embedding cannot be extended to so. 

In Chapter 3, we shall decompose so as a sum of tensor density modules for Vect(S'^). Introducing 
its central extension so ~ Vir ix I) which contains both the Virasoro algebra and the Schrodinger algebra 
(hence its name!), we shall study its coadjoint action on its regular dual (so)*. We shall also study the 
action of so on a certain space of Schrodinger-type operators and on some other spaces of operators 
related to field equations. 

In Chapter 4, we shall see that 'half of so' can be interpreted as a Cartan prolongation (B'^_iQk 
with g_i ~ and Qq three-dimensional solvable, and study the related co-induced representations by 
analogy with the case of the algebra of formal vector fields on M, where this method leads to the tensor 
density modules of the Virasoro representation theory. 

Chapter 5 is devoted to a systematic study of deformations and central extensions of so. 

Finally, we shall study in Chapter 6 the Verma modules of so and of some related algebras, and the 
associated Kac determinant formulae. 

Let us remark, for the sake of completeness, that we volontarily skipped a promising construction of 
so and a family of supersymmetric extensions of SO in terms of quotients of the Poisson algebra on the 
torus or of the algebra of pseudo-differential operators on the line that appeared elsewhere (see |33j). 
Also, representations of so into vertex algebras have been investigated (see pM]). 

1 Geometric definitions of Bt) 

1.1 From Newtonian mechanics to the Schrodinger- Virasoro algebra 

Everybody knows, since Einstein's and Poincare's discoveries in the early twentieth century, that 
Lorentzian geometry lies at the heart of relativistic mechanics; the geometric formalism makes it possible 
to define the equations of general relativity in a coordinate-free, covariant way, in all generality. 

Owing to the success of the theory of general relativity, it was natural that one should also think of 
geometrizing Newtonian mechanics. This gap was filled in about half a century later, by several authors, 
including J.-M. Levy-Leblond, C. Duval, H.P. Kiinzle and others (see for instance [HI 1^ lU} 171 151 1^). 
leading to a geometric reformulation of Newtonian mechanics on the so-called Newton-Cartan manifolds, 
and also to the discovery of new fundamental field equations for Newtonian particles. 

Most Lie algebras and groups that will constitute our object of study in this article appear to be 
closely related to the Newton-Cartan geometry. That is why - although we shall not produce any new 
result in that particular field - we chose to give a very short introduction to Newton-Cartan geometry, 
whose main objective is to lead as quickly as possible to a definition of the Schrodinger group and its 
infinite-dimensional generalization, the Schrodinger- Virasoro group. 
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Definition 1.1 

A Newton- Cartan manifold of dimension {d + 1) is a C°° manifold M of dimension {d + 1) pro- 
vided with a closed one-form r, a degenerate symmetric contravariant non-negative two-tensor Q e 
Sym(T^M) with one- dimensional kernel generated by r and a connection V preserving r and Q. 

A right choice of local coordinates makes it clear why these data provide the right framework for 
Newtonian mechanics. Locally, one may put r = dt for a certain time coordinate t, and Q = Yl'i=i '^r 
for a choice of d space coordinate vector fields (rj) on the hyperplane orthogonal to dt. The standard 
Newton-Cartan manifold is the flat manifold R x R'^ with coordinates (t, ri, . . . , r^) and r, Q given 
globally by the above formulas. 

The analogue of the Lie algebra of infinitesimal isometries in Riemannian or Lorentzian geometry 
is here the Lie algebra of infinitesimal vector fields X preserving r, Q and V. In the case of the fiat 
manifold R x R*^, it is equal to the well-known Lie algebra of Galilei transformations Qal^, namely, can 
be written 

gala = © (FS , r|)i<.<d © (7^i,)l<^<,<d, (1-1) 

including the time and space translations X^i — —dt, Y\ — —dr^, the generators of motion with 

2 

constant speed Yl — —tdr^ and rotations TZij — ridr^ — rjdri- 

It was recognized, mainly by Souriau, that (from the point of view of symplectic geometry) many 
original features of classical mechanics stem from the existence of the two-cocycle c e H'^{q(x\^,W) of 
the Gahlei Lie algebra defined by 

c{Y\,Yi)=5,j, t,j = l,...,d (L2) 

2 2 

leading to the definition of the mass as a central charge. We shall denote by gal^ the centrally extended 
Lie algebra. Its has a one-dimensional center, generated by Afo, and a modified Lie bracket such that 
[Yi,Y^i] = SijMo, while all the other relations remain unmodified. Schur's Lemma implies that the 

2 2 

generator Mq is scalar on irreducible representations of gal^; the next Proposition shows that it is 
natural to call mass the value of Mq. 

Definition 1.2 The Schrddinger Lie algebra in d dimensions, denoted by sci)^, is the Lie algebra 
with generators 

X_,,XQ,X,,Y\,Yi {i = l,...,d), 7^,, (l<i<i<d), 

2 2 

isomorphic to the s emi- direct product sl{2,'R) x Qal^ ~ {X_i, Xq, Xi) x gal^, with the following choice 
of relations for sl(2, R) 

[Xo, = X,, [Xo, Xi] = -Xi, [Xi, = 2Xo (1.3) 

and an action o/s[(2,M) on Qal^ defined by 

77 1 T? 1 

[Xn,Y\] = (- + -)Y^, [X^,Yl] = {-- -)i;V| (n = -1,0, 1); (1.4) 
[Xn,n'^]^0, [Xn,Mo]^0. (1.5) 

Note that the generator Mq remains central in the semi-direct product: hence, it still makes sense 
to speak about the mass of an irreducible representation of scl^^. 
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The motivation for this definition (and also the reason for this name) hes in the following classical 
Proposition. 

We denote by = Yl'i=i usual Laplace operator on M*^. 

Proposition 1.1 

1. (see j7]) The Lie algebra of projective (i.e. conserving geodesies) vector fields X on M x M"' such 
that there exists a function A G C°°(]R x M'^) with 

d d 

Cxidt) = Xdt, CxC^dl) = -\Y,dl (1.6) 

i=l 1=1 

is generated by the vector fields 

L_i = -dt, Lo = -tdt - ^ ridr^,Li = -t^dt - t ^ rid^ 

i i 
2 2 

= Tidr^ - Tjdr,, l<t<J <d (1.7) 

that define a massless representation of the Schro dinger Lie algebra sci)^. 

2. (see jHS]) Let Ai E C The Lie algebra of differential operators A" on M x M"', of order at most 
one, preserving the space of solutions of the free Schrodinger equation 

{2Mdt - A,)^ = 0, (1.8) 

that is, verifying 

{2Mdt - Ad)X^ = 

for every function ip such that {2M.dt — A^jip = 0, gives a representation dir'^^^ of mass —M. of 
the Schrodinger algebra sc\)^, with the following realization: 

^^44(^-1) = ^44(^0) = -tdt--Y,ndr--, dT^i/.ili) = -t''dt-tY,ndr--Mr^--t 

i i 

d</,iY\) = -dr„, d7:%,{YV) = -td,, - Mr,, dn^/^iM,) = -M 

d^/AiT^'') = ridr, - r,dr^, l<i<]<d. (1.9) 

Let us mention, anticipating on Section 1.2, that realizing instead Lq by the operator —tdt — 
\^i^i^ri — A and Li by —t^dt — tYli^idr, — \M.r'^ — 2Xt (A G M), leads to a family of represen- 
tations duf of sc[)^. This accounts for the parameter | in our definition of The parameter A may 
be interpreted physically as the scaling dimension of the field on which scf)^ acts, A = | for solutions of 
the free Schrodinger equation in d space dimensions. 

We shall also frequently use the realization diff of the Schrodinger algebra given by the Laplace 
transform of the above generators with respect to the mass, which is formally equivalent to replacing 
the parameter Ai in the above formulas by (9^. This simple transformation leads to a representation dnf 
of sci)'^; let us consider the particular case A = for simplicity. Then , dn'^ := dn^ gives a realization of 
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sci)'^ by vector fields on M'^^^ with coordinates t, (z = 1, . . . , d) and C- Let us write the action of the 
generators for further reference (see [ST]): 

i i 

dn\Y\) = -dr.,dn\Yi) = -td,.. - ridc,dn\Mo) = -d. 

dn'^iTZ'^) = r,dr^ - rjdr^, 1 < i < j < d. (1.10) 

So, according to the context, one may use either the representation by differential operators on 
^d+i q£ order one, or the representation by vector fields on ]R°'+^. Both points of view prove to be 
convenient. We shall see later (see Section 1.2) that these representations extend to representations 
of the Schrodinger-Virasoro algebra, and give a more intrinsic interpretation of this formal Laplace 
transform. 

Proposition 1.2. 

The Lie algebra of vector fields X on M x M'^ - not necessarily preserving the connection - such that 
equations i li.6|) are verified is generated by the following set of transformations : 

(i) 

1 ^ 

Lf = —f{t)dt f'{t) ^^Tj^r- (Virasoro — like transformations) 

i=l 

(ii) 

Y^_ = —gi(t)dr- (time — dependent space translations) 

(Hi) 

'^hij ~ ~^ij{'t){^idrj — ^jd'n), 1 < i < j < d (time — dependent space rotations) 

where f,gi,hij are arbitrary functions oft. 

Proof. Put r = (ri, . . . , r^). Let X = f{t, r)dt + Yl'i=i 9i{'^i i^)9ri verifying the conditions of Propo- 
sition 1.1. Then Cxdt = df is compatible with the first condition if / depends on time only, so A = /' 
is also a function of time only. Hence 

= -2 ^ 9^^. (g) dr^gj dr^ - 2 ^ ® dr^gi dr^ 

SO dr^gi = —dr^gj ii i ^ j, which gives the time-dependent rotations, and 29^^ (7j = /' for j = 1, . . . ,d, 
which gives the Virasoro-like transformations and the time-dependent translations. □ 

Note that the Lie algebra of Proposition 1.1 (1), corresponds to f{t) = l,t,t^, gi(t) = l,t and 
h^,{t) = 1. 

One easily sees that the 7^^^^, generate the algebra of currents on so{d), while the L^^h^- and the 
Yg^ generate together the algebra of currents on the Euclidean Lie algebra tud{d) = so{d) x M'^. The 
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transformations Lj generate a copy of the Lie algebra of tangent vector fields on M, denoted by Vect(M), 
so one has 

[Lf,L,]=L{f,,y (1.11) 

where {f,g} = f'g — fg'- So this Lie algebra can be described algebraically as a semi-direct product 
Vect(]R) X euc[((i)]R, where cud^d)^. stands for the Lie algebra of currents with values in tucl{d). In our 
realization, it is embedded as a subalgebra of Vect(]R x M*^). 

For both topological and algebraic reasons, we shall from now on compactify the the t coordinate. 
So we work now on X R'^, and Vect(M) x cuc[(o?)r is replaced by Vect{S^) x md{d)si, where Vect{S^) 
stands for the famous (centerless) Virasoro algebra. 

It may be the right place to recall some well-known facts about the Virasoro algebra, that we shall 
use throughout the article. 

We represent an element of Vect(S'^) by the vector field f{z)dz, where / G C[z,2;^"'^] is a Laurent 
polynomial. Vector field brackets [f{z)dz, g{z)dz] = {fg' — f'g)dz, may equivalently be rewritten in 
the basis {ln)n&z, In = —z"'~^^dz (also called Fourier components), which yields [£n,^m] = {n — m)in+m- 
Notice the unusual choice of signs, justified (among other arguments) by the precedence of |T3] on our 
subject. 

The Lie algebra Vect(S'^) has only one non-trivial central extension (see J2] or jTH| for instance), 
given by the so-called Virasoro cocycle c G Z^(Vect(S'^), M) defined by 

c{fdz,gdz)= [ r{z)g{z)dz, (1.12) 

or, in Fourier components, 

c{£n, £m) = Sn+m,o{n + l)n{n - 1). (1.13) 
The resulting centrally extended Lie algebra, called Virasoro algebra, will be denoted by Oir. 
The Lie algebra Vect(S'^) has a one-parameter family of representations J-'\, A G M. 
Definition 1.3. 

We denote by T\ the representation ofVect^S^) on C[z,z^^] given by 

in.z"" = {Xn - m)2"+™, n, m G Z. (1.14) 



An element of J-'x is naturally understood as a (— A)-density (j){z)dz ^, acted by Vect(S'"'^) as 

fiz)dz4iz)dz-^ = (/0' - Xf(j))iz)dz-\ (1.15) 

In the bases in = —z'^dz and a.^ = z'^dz~^, one gets dn-o-m = {Xn — m)an+m- 

Replacing formally t by the compactified variable z in the formulas of Proposition 1.2, and putting 
f{z) = —z'"~^^ , gi{z) = —z^^'i ,hij{z) = — z", one gets a realization of Vect(S'"'^) x tud{d)si as a Lie 
subalgebra of Vect(S'^ x M.'^) generated by L„, Y^.,7l^J.^ (with integer indices n and Pij and half-integer 
indices mj), with the following set of relations: 

[Ln^ Lp] = {n — p)Ln+p 
11 
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[TV^^Tlp] = ^j^kTVn+p + ^i0n+p - ^j,lT^'n+p " ^^k^^n+p (1-16) 

With the above definitions, one sees immediately that, under the action of (L/)j-g(7oo(5i) ~ Vect(S'^), 
the behave as elements of the module J-'i, while the {7V^)m& and the (Mm)mgz define 

several copies of JFq. 

The commutative Lie algebra generated by the has an infinite family of central extensions. If we 
want to leave unchanged the action of Vect(S'^) on the and to extend the action of Vect(5'^) to the 
central charges, though, the most natural possibility (originally discovered by M. Henkel, see |14 , by 
extrapolating the relations ()1.4p and p.5|) to integer or half-integer indices), containing scf)^ as a Lie 
subalgebra, is the Lie algebra so'^ defined as follows. 

Definition 1.4. We denote by s'o'^ the Lie algebra with generators X„, y^, M„, TV^in G Z, m G |+Z) 
and following relations (where n,p E 

[Ln, Lp] = (n — p)Ln+p 

11 

[F^, M,] = 0, [7^*i, MJ = 0, [M„, Mp] = 

[^n 5 T^p] = Sj,kT^n+p + ^i,lT^i+p ^j,l^t+p ~ ^i,k^n+p (1-17) 

One sees immediately that SD'^ has a semi-direct product structure SD*^ ~ Vect(S'"'^) x P)*^, with 
Vect(5^) ~ {Ln)n& and 1)'^ = {Yl)m&,i<d ® {Mp)p^^ © (^^)mez,i<i<i<d- 

Note that the Lie subalgebra {Xi, Xq, Xi,Y\,YI,TIq , Mq) C so'^ is isomorphic to sci)^. So the 

2 2 

following Proposition gives a positive answer to a most natural question. 

Proposition 1.3 (see jT3]) The realization dn'^ of sci)^ (see lll.l(J\} ) extends to the following realiza- 
tion dn'^ of SX)'^ as vector fields on x ]R'^+^ .■ 



dn'iLf) = -f{z)d. - lf{z){j2ndr.) - \nzyd^ 

i=l 

d^\Yl) = -g,{z)dr^ - g[{z)r,d^ 

dn\Mh) = -h{z)d^ (1.18) 



Let us rewrite this action in Fourier components for completeness. In the following formulas, n G Z 



while m G ^ + Z: 



d%\K) = -z^+'d, - hn + l)z"(5^r,9,,J - hn + l)nz''-'r% 



i=l 



d^\Y^) = -z^^'^dr, - (m + )^^z^-\nd^ 



dn\Mn) = -z''d^ (1.19) 

We shall restrict to the case d = 1 in the rest of the article and write SD for SD^, rfvr for dvr^, f) for 
f)^, Yy for Yj, Ym for Y^ to simplify notations. 

Then (as one sees immediately) SD ^ {Ln)nez x (^m, ^p)mGi+z,pez generated by three fields, L, Y 
and M, with commutators 

Lp] = {n- p)Ln+p, [Ln, ym\ = m)Yn+m, [Ln, Mp] = -pMn+m 

[Y^, Y^,] = (m - m')M„+„,, Mp] = 0, [M„, MJ = (1.20) 

where n,p & Z,m,m' & | + Z, and f) = (Fm, Mp)^^i_^^z,pGZ is a two-step nilpotent infinite dimensional 
Lie algebra. 

1.2 Integration of the Schrodinger-Virasoro algebra to a group 

We let DifT(S'^) be the group of orientation-preserving C°°-diffeomorphisms of the circle. Orientation 
is important since we shall need to consider the square- root of the jacobian of the diffeomorphism (see 
Proposition 1.5). 

Theorem 1.4. 

1. Let H = C°°{S^) X C°°{S^) be the product of two copies of the space of infinitely differentiahle 
functions on the circle, with its group structure modified as follows: 

(as, /32).(ai, A) = («! + ^2, /3i + /?2 + ^(«'i«2 - aifts))- (1-21) 
Then H is a Frechet-Lie group which integrates f). 

2. Let SV = Diff(S'^) \x H he the group with semi-direct product given by 

(l;(a,/3)).(0;O) = (0;(a,/3)) (1.22) 

and 

(0; 0).(1; (a, /?)) = (0; ((0')^(« ° 0), ° 0))- (1-23) 
Then SV is a Frechet-Lie group which integrates SD . 

Proof. 

1. From Hamilton (see ^Sl), one easily sees that is a Frechet-Lie group, its underlying manifold 
being the Frechet space ^^{3^) x C°°(^i) itself. 

One sees moreover that its group structure is unipotent. 

By computing commutators 

(a2,/?2)(ai, /?i)(a2,/?2)~^(ai, A)"^ = (0,a'ia2 - Oiia'^) (1.24) 
one recovers the formulas for the nilpotent Lie algebra P). 
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2. It is a well-known folk result that the Frechet-Lie group Diff(S'^) integrates the Lie algebra Vect(5'^) 
(see Hamilton [T^, or jl2j, chapter 4, for details). Here the group H is realized (as Diff(S'^)- 
module) as a product of modules of densities jFi x jFg, hence the semi-direct product Diff (S*^) k H 
integrates the semi-direct product Vect(5'^) x 1). 

□ 

The representation (ivf, defined in Proposition 1.3, can be exponentiated into a representation of 
SV , given in the following Proposition : 

Proposition 1.5. (see 

1. Define ^ : SV ^ V)m{S^ x M^) ^ 

^(0; (a,/5)) = 7f(l;(a,/3)).^(0;O) 

and 

m 0)iz, r, = (0(z), r C - 

Then tt is a representation of SV. 

2. The infinitesimal representation of fc is equal to dn. 

Proof. 

Point (a) may be checked by direct verification (note that the formulas were originally derived by 
exponentiating the vector fields in the realization rfvr). 

For (b), it is plainly enough to show that, for any / G C°°{S^) and g,h E C°°(M), 

-^|«=ovr(expML/) = dTT{Lf), -^\u=on{expuYg) = dTT{Yg), -^\u=oTT{expuMh) = dn{Mh). 
du du du 

Put = expuLf, so that £|«=o0«(^) = f{z). Then 

^r(0;)^ = lr(0;)-^A<^L-.^o \rnzl 

so the equality ^|„=o7r(exp mLj) = dn{Lf) holds. The two other equalities can be proved in a similar 
way. □ 

Let us introduce another related representation, using the 'triangular' structure of the representation 
TT. The action vf : SV — > Diff(5'"'^ x M^) can be projected onto an action vf : SV — Diff(5'^ x M) by 
'forgetting' the coordinate (, since the way coordinates {t,r) are transformed does not depend on (. 
Note also that vf acts by (time- and space- dependent) translations on the coordinate (, so one may 
define a function $ : SV — > C°°(]R^) with coordinates {t,r) by 

nig)it,r,C) = {7r{9)it,r),C + ^g{t,r)) 
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(independently of C ^ This action may be further projected onto ttsi : SV Diff{S^) by 
'forgetting' the second coordinate r this time, so 

7rsi(0; {a, 13)) = 0. 

Proposition 1.6. 

1. One has the relation 

^92ogi (t, r) = (t, r) + ^g, (7r((7i) {t, r)). 
In other words, ^ is a trivial ir-cocyle: $ G Z^{G,C°°{M.'^)). 

2. The application ttx:SV-^ Hom{C^{S^ x M), C^{S^ x M)) defined by 

7r,{g)mt,r) = (vr^,, o 7r^i(t))^^*«(^(^)-^-(*'^)) <p{nig)-\{t,r)) 
defines a representation of SV in C°°{S^ x M). 

Proof. 

Straightforward. □ 

Note that the function $ comes up naturally when considering projective representations of the 
Schrodinger group in one space dimension Sch^ ~ SL{2, M) x Gal^, where Gal^ is the Lie group naturally 
associated to gaf^ (see |171). 

Let us look at the associated infinitesimal representation. Introduce the function defined by 
$'(X) = -£\u=o^{expuX), X G SX). If now g = expX, X G si), then 




^=ovrA(expMX)(0)(t,r) = {M^'{X) + X{dnsiiX)y{t) + d7T{X)) (l){t,r) (1.25) 



so dnx{X) may be represented as the differential operator of order one 

d7T{X) + M<^'{X) + X{d7lsl{X))'{t). 

So all this amounts to replacing formally 9^ by Ai in the formulas of Proposition 1.3 in the case 
A = 0. Then, for any A, 

d7rxiLf)=dMLf)-\f', (1.26) 
while diixiYg) = diiQiYg) and dr^x^Mh) = dTTQ^Mh). 

Let us write explicitly the action of all generators, both for completeness and for future reference : 

drcxiLf) = -fm - lnt)rdr - \f"{t)Mr' - A/'(t) 
d7rx{Yg) = -g{t)dr-Mg'{t)r 

dnxiMh) = -Mh{t) (1.27) 

Remarks: 



11 



1. One may check easily that one gets by restriction a representation vr^ of the Schrodinger group 
in one dimension Sch whose infinitesimal representation coincides with ()1.9p . In particular, 
^i/4lschi acts on the space of solutions of the free Schrodinger equation in one space dimension 
(see Proposition 1.1). 

2. Taking the Laplace transform of ()1.27p with respect to A4, one gets a realization drcx of so as 
differential operators of order one acting on functions of t, r and (, extending the formulas of 
Proposition 1.3 in the case d = 1. 

1.3 About graduations and deformations of the Lie algebra 50 

We shall say in this paragraph a little more on the algebraic structure of so and introduce another 
related Lie algebra tso {twisted Schrodinger- Virasoro algebra''). 

The reader may wonder why we chose half- integer indices for the field Y. The shift in the indices in 
due to the fact that Y behaves as a (— |)-density, or, in other words, Y has conformal weight | under 
the action of the Virasoro field L (see e.g. [TH| or ^ for a mathematical introduction to conformal field 
theory and its terminology). 

Note in particular that, although its weight is a half- integer, F is a bosonic field, which would 
contradict spin-statistics theorem, were it not for the fact that Y is not meant to represent a relativistic 
field (and also that we are in a one- dimensional context). 

Nevertheless, as in the case of the double Ramond/Neveu-Schwarz superalgebra (see [IH]), one may 
define a 'twisted' Schrodinger- Virasoro algebra tsD which is a priori equally interesting, and exhibits to 
some respects quite different properties (see Chapter 5). 

Definition 1.5. 

Let tsD be the Lie algebra generated by {Ln, Y^, Mp)n^m,p& with relations 

11 

[Ln, Lm] = {n — m)Ln+m.) {Ln-,Ym\ ~ ("2 ~ '^)^n+m^ [-^n; ^m] = ~"'^^n+m (1.28) 

[y„, Ym] = (n - m)Mn+m, Mm] = 0, [Ln, Yn,] = 0, (1.29) 

where n, m are integers. 

Notice that the relations are exactly the same as for SD (see equations (1.1)-(1.4)), except for the 
values of the indices. 

The simultaneous existence of two linearly independent graduations on SD or tso sheds some light 
on this ambiguity in the definition. 

Definition 1.6. Let 5i, resp. 62, be the graduations on SD or tso defined by 

5i(L„) = n, 5i(i;„) =m,5i(Mp) =p (1.30) 

S2{Ln) = n, 62{YJ =m-^, S^iMp) =p-l (1.31) 
with G Z and m G Z or | + Z. 

One immediately checks that both 61 and 62 define graduations and that they are linearly indepen- 
dent. 
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Proposition 1.7. The graduation Si, defined either on so or on tsD, is given by the inner derivation 

51 = ad(— Xo), while S2 is an outer derivation, S2 G Z^{st),st}) \ B^{sv,sti) and S2 G Z^(tst),tsD) \ 
5i(tso,tso). 

Remark. As we shall see in Chapter 5, the space i/^(sD,so) or if^(tsti, tso) of outer derivations 
modulo inner derivations is three-dimensional, but only S2 defines a graduation on the basis (L„, F^, Mp). 

Proof. 

The only non-trivial point is to prove that S2 is not an inner derivation. Suppose (by absurd) that 

52 = a.dX, X e so or X e tso (we treat both cases simultaneously). Then S2{Mq) = since Mq is 
central in so and in tsO. Hence the contradiction. □ 

Note that the graduation S2 is given by the Lie action of the Euler vector field tdt + rdr + C^^c 
representation (see Proposition 1.3). 

Let us introduce a natural deformation of SO, anticipating on Chapter 5 (we shall need the following 
definition in paragraph 3.5, see Theorem 3.10, and chapter 5): 

Definition 1.7 

Let sOe, £ e M (resp. tso^^ be the Lie algebra generated by Ln,Ym, Mp, n,p G Z, m e | + ^ (resp. 
m eZ), with relations 

(1 + e)n 

[Ln, Lm] = (n - m)Ln+m, [Ln, Ym] = ( ^ m)Yn+m, [Ln, Mn] = - m)Mn+m 



[Yn, Ym] = (n - m)Mn+m, [Yn, Mm] = 0, [L„, Y^] = 0, (1.32) 
One checks immediately that this defines a Lie algebra, and that SO = sOq- 

All these Lie algebras may be extended by using the trivial extension of the Virasoro cocycle of 
Section 1.1, yielding Lie algebras denoted by SO, teo, sOe, tsOe. 



2 About the conformal embedding of the Schrodinger algebra 
2.1 The conformal embedding 

The idea of embedding scf)*^ into conf(d -|- 2)c comes naturally when considering the wave equation 

{2iMdt-d^)ilj{M;t,r) = (2.1) 

where Ai is viewed no longer as a parameter, but as a coordinate. Then the Fourier transform of the 
wave function with respect to the mass 

i>{C;t,r)= [ ^{M;t,r)e-'^^ dM (2.2) 
Jr 

satisfies the equation 

{2dcdt-d',)^{C;t,r)^0 (2.3) 

which is none but a zero mass Klein-Gordon equation on {d + 2)-dimensional space-time, put into 
light-cone coordinates (C, t) — {x + y,x — y). 
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This simple idea has been developed in a previous article (see for d = 1, in which case sz\)i 
appears as a (non-trivial) maximal parabolic subalgebra of conf((i + 2) - which is no longer true when 
d> 1. Let us here give an explicit embedding for any dimension d. 

We need first to fix some notations. Consider the conformal algebra in its standard representation as 
infinitesimal conformal transformations on W^^"^ with coordinates (^i, . . . , ^^+2)- Then there is a natural 
basis of conf((i + 2) made of {d + 2) translations P^, \{d+ l){d + 2) rotations A^^,i/, {d + 2) inversions 

and the Euler operator D: in coordinates, one has 

P, = % (2.4) 
M^,u = ^M^. - ^ud^ (2.5) 

d+2 d+2 



K, = 2UY.^M-C£C)d, (2.6) 

v=l u=l 
d+2 

D = Y,^ud.- (2.7) 



u=l 



Proposition 2.1. 

The formulas 



2 2 

4 

give an embedding of sci)'^ into conf{d + 2)c- 
Proof. Put 



Y\ = -2h-'^/^Pj (2.8) 
2 

= -2-le*-/4(A<,^2,i + iMa+i,j) (2.9) 

2 

7^,,fc = Mj,k (2.10) 

X_i = 2(Prf+2 - ^Pd+i) (2.11) 

^0 = + ^-Md+2,d+i (2.12) 



Xi = -^(irrf+2 + ^i^d+i) (2.13) 



t = li-^d+i + 1^2), C = li^d+1 + t^d+2),r, = 2-h'^% (j = 1, . . . , d). 
Then the previous definitions yield the representation dn'^^^ of scf)'^ (see (ll.lUp ). □ 



2.2 Relations betwen s\) and the Poisson algebra on r*^' and 'no-go' the- 
orem 

The relation betwen the Virasoro algebra and the Poisson algebra on T*S^ has been investigated in |26j . 
We shall consider more precisely the Lie algebra ^(5*^) of smooth functions on T*S^ = T*S^ \ S^, the 
total space of the cotangent bundle with zero section removed, which are Laurent series on the fibers. 
So AiS^) = C^{S^) (g) R[d, d-^] and F e AiS^) is of the following form: 

F{t,d,d-') = Y,fk{t)d', 

k&Z 
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with fk — for large enough k. The Poisson bracket is defined as usual, following: 

d£dG _ dG_dF_ 
^ ' ^ ~ 'dd'dt ~ ~dd~dt' 

(The reader should not be afraid by notation dd \). In terms of densities on the circle, one has the 
natural decomposition: A{S^) — I W 1 • The Poisson bracket turns out to be homoge- 

fcO \A:<0 / 

neous with respect to that decomposition: \Tk-,Ti) C J-'k+i-i, and more explicitly {f{x)d'' , g{x)d^} = 
{kfg' — if g)d^^^'~^. One recovers the usual formulae for the Lie bracket on Ti — Vect(S'^) and its 
representations on modules of densities; one has as well the embedding of the semi-direct product 
Vect(S'^) K C^{S^) — &S, Sk Lie subalgebra of A{S^)i representing differential operators of order 

< 1. 

Remark: One can also consider the subalgebra of A{S^), defined as 'C[z, z^^\ ® C[(9, d^^\\ it gives the 
usual description of the Poisson algebra on the torus T^, sometimes denoted SU (oo). We also have to 
consider half densities and developments into Laurent series in z and ^/z. Geometrically speaking, the 
half densities can be described as spinors: let E he a vector bundle over S^, square root of T*S^; in 
other words one has E ® E = T*S^. Then the space of Laurent polynomials on the fibers of E (minus 
the zero-section) is exactly the Poisson algebra A{S^) = C°°{S^) C[9^/^, Moreover, one also 

needs half-integer power series or polynomials in z as coefficients of the Laurent series in d; one can 
obtain the corresponding algebra globally, using the pull-back though the apphcation — defined 



as z — > z"^. 



Finally one has obtained the subalgebra A{S^) C A{S^) generated by terms z'^d^ where m and n are 
either integers or half-integers. One can represent such generators as the points with coordinates (m, n) 
in the plane R^. 

So our algebra SV — Vect(5'^) k f), with f) ~ T1/2 k J^o as a Vect(5'^)-module, can be naturally embedded 
into A{S^), 

L_2 Lq Li L2 ■ ■ ■ 

Y_3 Y_i Yi Ys 

2 222 

(2.14) 

M_2 M_i Mo Ml M2 



The above scheme represents pictorially the embedding. For the twisted Schrodinger-Virasoro alge- 
bra, one considers the Y^ field with integer powers, or as described in the following scheme: 



Lq Li 



Y-2 Y^i Yq Yi Y2 
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M_2 M_i Mo Ml M2 



One can naturally ask whether this defines a Lie algebra embedding, just as in the case of Vect(S'^) ix 
JFq. The answer is no: 

Proposition 2.2. 

The natural vector space embedding so ^ -^{S^) is not a Lie algebra homomorphism. 

Proof: One sees immediately that on the one hand [Yn, M^] = and [M„, M^] = 0, while on the 
other hand {.^1/25-^0} C J^-1/2 is in general non trivial. The vanishing of {^o-^o} which makes the 
embedding of Vect(5'^) x JFq as a Lie subalgebra possible was in some sense an accident. In fact, one 
can show that from the image of the generators of so and computing successive Poisson brackets, one 
can generate all the J-'x with A < 0. 

Let A{S^)(i) = J-'iQ)J-'i/2®^o njF;^, it defines a Poisson subalgebra of ^(5*^), and it is in fact the 

Aef , A<0 

smallest possible Poisson algebra which contains the image of so. Now, let = Yl -^A the 

Aef, A<0 

Poisson subalgebra of ^(5*^) which contains only negative powers of d (its quantum analogue is known 
as Volterra algebra of integral operators, see [12], chap. X). One easily sees that it is an ideal of A{S^)^-^^-^, 

as a Lie algebra, but of course not an associative ideal; if one considers the quotient A{S^)(^^-^/ A{S'^)(o), 
then all the obstruction for the embedding to be a homomorphism disappears. So one has: 

Proposition 2.3. 

There exists a natural Lie algebra embedding of into the quotient A{S^)(^^^/A{S^)(^o)- One can say 

briefly that 50 is a subquotient of the Poisson algebra A{S^). 

Now a natural question arises: the conformal embedding of Schrodinger algebra described in para- 
graph 3.1 yields 5ci)i C conf(3)c, so one would like to extend the construction of so as generalization 
of scf)i, in order that it contain conf(3): we are looking for an hypothetic Lie algebra Q making the 
following diagram of embeddings complete: 

scf)i ^ conf(3) 
i i (2.15) 

so g 

In the category of abstract Lie algebras, one has an obvious solution to this problem: simply take 
the amalgamated sum of so and conf(3) over scf^^. Such a Lie algebra is defined though generators 
and relations, and is generally untractable. We are looking here for a natural, geometrically defined 
construction of such a ^; we shall give some evidence of its non-existence, a kind of "no-go theorem", 
analogous to those well-known in gauge theory, for example"^ (see |2Uj). 

■^Simply recall that this theorem states that there doesn't exist a common non-trivial extension containing both the 
Poincare group and the external gauge group. 
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Comparing with (2.14), one sees that the successive diagonal strips are contained in J^i,J^i/2,^o re- 
spectively. So the first idea might be to try to add and T21 as an infinite prolongation of the 
supplementary part to 5c()^ in conf(3), so that V_ — > V+ — > W — > d"^. 



Unfortunately, this construction fails at once for two reasons: first, one doesn't get the right brackets 
for conf(3) with such a choice, and secondly the elements of J-'\, X G {0, |, 1, 3/2, 2}, taken together 
with their successive brackets generate the whole Poisson algebra ^(5*^). 

Another approach could be the following: take two copies of f), say f)"*" and f)~ and consider the 
semi direct product Q = Vect(S'^) x ([)+ © f)~), so that f)"*" extends the {Y_i,Yi,Mo} as in si> before, 
and f}~ extends {Vl,V"+,iy}. Then Q is obtained from density modules, but doesn't extend conf(3), 
but only a contraction of it: all the brackets between {Y_i,Yi, Mq} on one hand and {V^, V^, W} on 
the other are vanishing. Now, we can try to deform Q in order to obtain the right brackets for conf(3). 
Let Y^, M+ and Y~, M~ be the generators of l)"*" and f)"; we want to find coefficients ap^m such that 
[F^,yp"] = ap^mLm+p defines a Lie bracket. So let us check Jacobi identity for {Ln,Y^,Y~). One 
obtains (m — ^)ap^n+m + (n — m — p)ap m + {p — \)0'p+n,m = 0. If one tries Upm = \p + ^m, one deduces 
from this relation: nX{p — ^) + nfi{m — |) = for every n ^Tj^p^m & IZ, so obviously A = /i = 0. 

So our computations show there doesn't exist a geometrically defined construction of Q satisfying 
the conditions of diagram (2.16). The two possible extensions of scf)i, so and conf(3) are shown to be 
incompatible, and this is our "no-go" theorem. 



3 On some natural representations of 5^ 

We introduce in this chapter several natural representations of 50 that split into two classes : the 
(centrally extended) coadjoint action on the one hand; some apparently unrelated representations on 
spaces of functions or differential operators that can actually all be obtained as particular cases of the 
general coinduction method for so (see chapter 4). 

It is interesting by itself that the coadjoint action should not belong to the same family of represen- 
tations as the others. We shall come back to this later on in this chapter. 
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3.1 Coadjoint action of 5d 



Let us recall some facts about coadjoint actions of centrally extended Lie groups and algebras, referring 
to [12], chapter 6, for details. So let G be a Lie group with Lie algebra g, and let us consider central 
extensions of them, in the categories of groups and algebras respectively: 

(1) — >R — >G — >G — ^(1) (3.1) 

(0) M ^ (0) (3.2) 

with =Lie{G), the extension ()3.2p representing the tangent spaces at the identity of the extension 
dSH) (see [12], II 6.1.1. for explicit formulas). Let C E Zlg{G,R) and c G ^^(0,M) the respective 
cocycles. We want to study the coadjoint action on the dual 0* = 0* x M. We shall denote by Ad* and 
Ad the coadjoint actions of G and G respectively, and ad* and ad the coadjoint actions of and 0. 
One then has the following formulas 

Mig, a){u, A) = iAd*ig)u + XQig), A) (3.3) 

and ^ 

ad*(e, a){u, A) = (Ad*(On + A^^(0, 0) (3.4) 

where Q : G ^ g* and 9 : g ^ q* are the Souriau cocycles for different iable and Lie algebra cohomologies 
respectively; for 9 one has the following formula : {9{^),ri) = c{^,ri). For details of the proof, as well as 
'dictionaries' between the various cocycles, the reader is referred to chapter 6. 

Note that formulas (j3.3p and (|3.4j) define affine actions of G and respectively, different from their 
coadjoint actions when A 7^ 0. The actions on hyperplanes 0^ = {(m. A) | -u G 0*} C 0* with fixed second 
coordinate will be denoted by ad^ and Ad^ respectively. 

Here we shall consider the central extension so of 50 inherited from Virasoro algebra, defined by the 
cocycle c such that 

c(L„, Lp) = 6n+p,o n{n + l)(n - 1) 

c(L„, Ym) = ciLn, Mp) = c(F™, y„0 = (3.5) 

(with n,p E Tj and m, m' G | + Z). Note that we shall prove in chapter 5 that this central extension is 
universal (a more 'pedestrian' proof was given in |14j). 

As usual in infinite dimension, the algebraic dual of is untractable, so let us consider the regular 
dual, consisting of sums of modules of densities of Vect(S'^) (see Definition 1.3): the dual module J-'* is 
identified with through 

{u{dxY+^'Jdx-^')=l u{x)f{x)dx. (3.6) 

So, in particular, Vect(S'^)* ~ JF_2, and (as a Vect(S'^)-module) 

SX)* = r-2®r^i®J^-i] (3.7) 



we shall identify the element V = j^dx'^ + 'jidx2 + 'j2dx G so* with the triple ( 71 | G {C°° {S^)Y . In 
other words, 
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70 
(I 71 

72 



],Lf,+ Yf, +Mf,) = f2 f (7./^) (z) dz. (3. 



The following Lemma describes the coadjoint representation of a Lie algebra that can be written as 
a semi-direct product. 

Lemma 3.1. Let 5 = 5o x -Si be a semi-direct product of two Lie algebra Sq and Si. Then the 
coadjoint action of s on s* is given by 

ad;(/o,/i).(7o,7i) = (ad*^,(/o)7o - 5i-7i,/o(7i) + ad;^(/i)7i) 

where by definition 

{fl-1l,Xo)s^xso = (7l) [-^0, /l])fijxsi 

and 

(/o(7i),-^i)b]:xsi = (71, [/o,^l])sJxsi- 

Proof. Straightforward. 
Theorem 3.2. 

The coadjoint action of SX) on the affine hyperplane sti\ is given by the following formulas: 

/ 70 \ / c/- + 2/^70 + /o7^ 
ad*(L^J 71 = /o7i + i/o7i | (3.9) 

V 72 / V /o72 + /o72 

/ 70 \ / |7i/{ + Hfi 
ad*(l>J 71 = 272/{ + 7^/i I (3.10) 

V 72 / V 

-72/^ 

I . (3.11) 

Proof. 

The action of Vect(5'^) C 50 follows from the identification of st)^ with t)ir^ ® !F_3 ® 
Applying the preceding Lemma, one gets now 

(ad*(y/0. I ^1 I ,L,„) = -{Yf,. ( 71 I ,L,„) 
72 / \ 72 / 

= (( 71 j 



1»\ 




71 


H 







= j^^li{\Kh-h^f[)dz 
= ^1 ^o(-^7i/i - ^7i/i) dz] 
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and 



i'o 



(ad*(17J. I 71 

72 



7o 



(ad;(F/J. I 71 I 

\ 72 

71 ,Mf^hi-hh[) 

72 / 

- / 72(/{/ii - /i/i'i) dz 
[ /ii(-272/i-72/i) 



(ad*(F;J I 71 I ,M,,) = 0. 

72 



Hence the result for ad*(l/J. 

For the action of ad*(Mj2), one gets similarly 



7o 

(ad*(M^J. I 71 I ,Lh,) 

72 



-(I 71 I ,Mf^,^) 

72 



and 



7o 



7o 
7i 
72 



^12/ 



0. 



(ad*(M^J. I 71 I ,n,) = (ad*(M;J. 
72 

Hence the result for ad*(Mf,^). □ 

One can now easily construct the coadjoint action of the group SV, which "integrates" the above 
defined coadjoint action of SD; as usual in infinite dimension, such an action should not be taken for 
granted and one has to construct it explicitly case by case. The result is given by the following. 

Theorem 3.3. 

The coadjoint action of SV on the affine hyperplane sb\ is given by the following formulas: 
Let ((/?, a, P) e SV , then: 







71 


H 







A0M + (7oo^)((^')' 
(71 o vp)(v?')^ 
(72 o 



(3.12) 



A(r{a,l3) 



7o 
71 

72 



70 + |7ia' + -jtt + 72/3' - ^(3q;'^ + aa 

71 + 272a' + 72Q; 
\ 72 



" \ 

1 72aa - 



I 



(3.13) 



Proof: 
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The first part (j3.12|) is easily deduced from tlie natural action of Diff (S*^) on SD^ = t5it^©J-'-3/2©^-i- 
Here Q{f) denotes the Schwarzian derivative of (p. Let's only recall that it is the Souriau cocycle in 
if^(Vect(S'^),0ir*) associated to Bott-Virasoro cocycle in H^{DiS{S^) , M), referring to [12j, Chap. IV 
, VI for details. 



The problem of computing the coadjoint action of {a, (3) G H can be split into two pieces; the 
coadjoint action of H on f)* is readily computed and one finds: 



Ad*{a,p) 



I I 



71 A [ 7i + 272" + 72" 

72 / V 72 



The most delicate part is to compute the part of coadjoint action of G H coming from the 

adjoint action on Vect(5'^), by using: 

/ 70 \ / 70 \ 

71 ,M = ( 71 ,M«,/?)-'(MO,0)). 

\ 72 / \ 72 / 

One can now use conjugation in the group SV and one finds 

Ad{a, P)-\fd, 0, 0) = (^fd, fa - ^af, //?' + ^ifa"a + ^aa - y /" - fa^ + ^-aa)^ . 
Now, using integration by part, one finds easily the formula (j3.13p above. □ 



3.2 Action of sti on the afRne space of Schrodinger operators 

The next three sections aim at generalizing an idea that appeared at a crossroads between projective 
geometry, integrable systems and the theory of representations of Diff (S*^). We shall, to our own regret, 
give some new insights on 5*^^ from the latter point of view exclusively, leaving aside other aspects of 
a figure that will hopefully soon emerge. 

Let 9 = ^ be the derivation operator on the torus T = [0,27r]. A Hill operator is by definition a 
second order operator on T of the form := 9^ + u, m G C°°(T). Let vr^ be the representation of 
DifF(5'^) on the space of (— A)-densities Tx (see Definition 1.3). One identifies the vector spaces C°°(T) 
and J-'x in the natural way, by associating to / G C°°(T) the density fdx~^. Then, for any couple 
(A,/x) G M^, one has an action Ilx,ii. of Diff(S'^) on the space of differential operators on T through the 
left-and-right action 

nA,^(0) :D^7rA(0)oDo7r^(0)-i, 
with corresponding infinitesimal action 

dIlx,M) : D ^ dnxicj)) o D - D o d7r^(0). 

For a particular choice of A, /x, namely, A = — |, = |, this representation preserves the affine space 
of Hill operators; more precisely, 

vr-3/2(</') o (d^ + u) o 7ri/2(</.)-^ = 9^ + o + ie(0) (3.14) 
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where © stands for the Schwarzian derivative. In other words, u transforms as an element of Oiti 

2 

(see section 3.1). One may also - taking an opposite point of view - say that Hill operators define a 
Diff (S'^)-equivariant morphism from J^i into ^_|- 

This program may be completed for actions of SV on several affine spaces of differential operators. 
This will lead us to introduce several representations of SV that may all be obtained by the general 
method of coinduction (see Chapter 4). Quite remarkably, when one thinks of the analogy with the case 
of the action of Diff(S'^) on Hill operators, the coadjoint action of SV on 50* does not appear in this 
context, and morerover cannot be obtained by the coinduction method, as one concludes easily from 
the formulas of Chapter 4 (see Theorem 4.2). 

Definition 3.1. Let «S'*" be the vector space of second order operators on defined by 

D e 5^*" ^D = h{2Mdt - dl) + V(r, t), h,V e C°°(M2) 

and S'^^^ C 5'*"^ the affine subspace of 'Schrodinger operators' given by the hyperplane h — 1. 

In other words, an element of S"-^^ is the sum of the free Schrodinger operator Aq = 2M.dt — and 
of a potential V. 

The following theorem proves that there is a natural family of actions of the group SV on the space 
^hn . j^Qpg precisely, for every A e M, and g e SV, there is a 'scaling function' Fg^x G C°°{S^) such 
that 

7rA((?)(Ao + V)nxig)-' = Fg,xit){Ao + V^^x) (3.15) 

where Vg^x ^ C°°(M^) is a 'transformed potential' depending on g and on A (see Section 1.2, Proposition 
1.6 and commentaries thereafter for the definition of tt^). Taking the infinitesimal representation of stJ 
instead, this is equivalent to demanding that the 'adjoint' action of dnxist)) preserve 5'*", namely 

[d7Tx{X),Ao + V]{t,r) = fx,xm^o + Vx,x), X e 50 (3.16) 

for a certain infinitesimal 'scaling' function fx,x a-^d with a transformed potential Vx,x- 

We shall actually prove that this last property even characterizes in some sense the differential 
operators of order one that belong to dnxist)). 

Theorem 3.4. 



1. The Lie algebra of differential operators of order one X on preserving the space jS'*", i.e., such 
that 

is equal to the image of SV by the representation dnx (modulo the addition to X of operators of 
multiplication by an arbitrary function oft). 

2. The action of dTTx+i/^ist)) on the free Schrodinger operator Aq is given by 

[dnx+idLf), Ao] = /'Ao + ^/"V^ + 2MXf" (3.17) 

[d7Tx+i/4iYg),Ao] = 2M^rg" (3.18) 

[dnx+i/4{Mh), Ao] = 2M^h' (3.19) 
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Proof. 

Let X = fdt + gdr + h preserving the space <S'*": this is equivalent to the existence of two functions 
(f){t, r), V{t, r) such that [X, Aq] = 0(Ao -\-V). It is clear that [h, C Sun if /i is a function of t only. 

By considerations of degree, one must then have [X, dr] — a{t, r)dr + b{t, r), hence / is a function of 
t only Then 

[fdt, 2Mdt - d^] = -2Mf'dt (3.20) 

[gdr, 2Mdt - d^] = -2Mdtgdr + 2drgd^ + d^gdr (3.21) 

[h, -d^] = 2drhdr + dlh (3.22) 

so, necessarily, 

/' = 2drg = -0 

and 

{2Mdt - dl)g = -2drh. 

By putting together these relations, one gets points 1 and 2 simultaneously. □ 

Using a Icft-and-right action of SO that combines diix and dnij^x, one gets a new family of represen- 
tations dox of 50 which map the affine space S"'^^ into differential operators of order zero (that is to 
say, into functions) : 

Proposition 3.5. 

Let d(Tx '■ 50 — > Hom{S''''"',S''^^) defined by the left-and-right infinitesimal action 

d(Tx{X) : D dTTi+xiX) o D - D o dnxiX). 

Then dux is a representation of and dax{st>){S"'^^) C C°°(R^). 
Proof. 

Let Xi,X2 G so, and put d7ts^{Xi) = fi{t), i = 1,2: then, with a slight abuse of notations, 
ddxiXi) = ad dnxiXi) + //, so 

[dax{X,),dax{X2)] = [s.d{d7rx{X,)) + f[,B.d{d7rx{X2)) + f^] (3.23) 
= ad d7rx{[X,,X2]) + {[d7rx{X,)J^{t)] - [d7rx{X2)J[m ■ (3-24) 

Now ad dTTx commutes with operators of multiplication by any function of time g{t) ii X & i), and 

[d7rx{Lf),g{t)] = [fm,g{t)]=f{t)g'{t) 

so as a general rule 

[dnx{X,),g{t)]^f,{t)g'{t). 

Hence 

[dax{X,),dax{X2)] = ad d7rA([Xi, X2]) + (/i(t)/^'(t) - /2(t)/('(t)) (3.25) 
= add7rA([Xi,X2]) + (/i/^-/2/0'(t) (3.26) 
= daxi[X,,X2\). (3.27) 

By the preceding Theorem, it is now clear that dax{s\3) sends .S"-^-'' into differential operators of 
order zero. □ 
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RemEirk: choosing A = | leads to a representation of Sch^ preserving the kernel of Aq (as already 
known from Proposition 1.1). So, in some sense, A = | is the 'best' choice. 

Clearly, the (affine) subspace <S<{-^ C <S"-''-^ of Schrodinger operators with potentials that are at most 
quadratic in r, that is, 

D e ^D^ 2Mdt - dl + g^ity + gr{t)r + ^2(0 

is mapped into potentials of the same form under da\{SV). 

Let us use the same vector notation for elements of »S<2"'^ and for potentials that are at most quadratic 

in r (what is precisely meant will be clearly seen from the context): set = I gi I , respectively 

y - ( (/I I for L> = Ao+go{ty+gi{t)r+g2{t) G S^J/ , respectively V{t,r) = go{ty + 9i{t)r + g2{t) e 

C°°(]R^). Then one can give an explicit formula for the action of dax on S2^'^ ■ 
Proposition 3.6. 

1. Let -D = I gi I e 5<2 and /o, /i, /2 £ C°°(R). Then the following formulas hold: 

92 J 

--f^fd' + 2/^^70 + fog'o 
da,+,/,{Lf,){D) = - I fog[ + f/^^i | (3.28) 

fo9'2 + fo92 - 2MXf;; 

dax+i/4{Yf,){D) ^ - \ 2f,go-2M'f^ | (3.29) 

fi9i 

dax+i/4{Mf,){D) = \ I (3.30) 

2M'f^ 

2. Consider the restriction of day 4 to Vect(5'-'^) C St). Then c?(Ti/4|vect(si) dcts diagonally on the 3- 

vectors I gi and its restriction to the subspaces <S" := {Ao + g{t)r^ \ g e C°°(M)}; i — 0,1, 2, 

is equal to the coadjoint action 0/ Vect(S'^) on the affine hyperplane l3ict/4 (^ = 2), and to the 
usual action of 'Vcct{S^) on T-3/2 — ^1/2 (when i = 1), respectively on !F-i ~ JFq (when i — 0). 
Taking A 7^ leads to an affine term proportional to /q on the third coordinate, corresponding to 
the non-trivial affine cocycle in H^{yeci{S^),!F-i). 

In other words, if one identifies 5<2'^ with 50 1 by 

9o 
9i 
92 



{{ 9i\ ,{ fo fl 12 ))5"//xs« = J2f i9ifi){z) dz, 
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then the restriction of dci/^ to Vect(S'^) is equal to the restriction of the coadjoint action of so on sol . 

4 

But mind that dai/4 is not equal to the coadjoint action of so. 

Proof. Point 2 is more or less obvious, and we shall only give some of the computations for the 
first one. One has [dn^^y^iLj,), Ao] = /^Aq - f /^"r^ + 2MXf[;, [diT^+y,{Lf,X 92{t)] = -foiMit), 
[d'K^+i/4{Lf,),gi{t)r] = -{f^(t)g[{t) + \fl,{t)g^{t))r, [dii ^{L f,) , g^{ty] = -{f^(t)g'^{t) + fl,{t)g^{t))r\ 



so 



da^+y4{Lj,){D) = -f^.D + [dTTx+i/4iLf,,),D] 

= -{fo92 + fo92 - 2MXf^) - {fog[ + -f,gi)T - (^/^" + 2/^^70 + fog'^V- 

Hence the result for (i(jA+i/4(-^v/o)- The other computations are similar though somewhat simpler. □ 
This representation is easily integrated to a representation a of the group SV . We let 0(0) 

^7 — I (^) ^ DifT(S'"^)) be the Schwarzian of the function 0. 
Proposition 3.7. 

/ 0° \ 

Let D = \ gi G S'^J ' 




o-A+i/4(l; ia,b)).D 



(3.32) 



o-A+i/4(0; (a, b))D = crA+i/4(l; (a, &))o-A+i/4(0; 0)D (3.31) 

/ (0')^.(^oo0)-^O(0) \ 

(0')i(^io0) 
\^ ^'{g,o<p)-2MX^ J 

( 9o 

gi - 2ago + 2M^a" | (3.33) 

\ 92- agi + a^go + M'^{2h' - aa") 

defines a representation of SV that integrates da, and maps the affine space into itself. 

In other words, elements of S'^^J^ define an SV -equivariant morphism from Tix into 'H\+i, where 
7i\, respectively Hx+i, is the space C°°(]R^) of functions oft, r that are at most quadratic in r, equipped 
with the action ttx, respectively tta+i (see \1.2'^ . 

Proof. 

Put SV = G t< H. Then the restrictions (t|g and a\H define representations (this is a classical result 
for the first action, and may be checked by direct computation for the second one). The associated 
infinitesimal representation of so is easily seen to be equal to da. □ 

In particular, the orbit of the free Schrodinger operator Aq is given by the remarkable formula 

/ -^0(0) \ / \ 
^A+i/4(0;(a,6))Ao= 2M^a" +A 1 (3.34) 

V M\2b'-aa") J \ -2M^ J 

mixing a third-order cocycle with coefficient Ai^ which extends the Schwarzian cocycle — > 0(0) 
with a second-order cocyle with coefficient —2AiX which extends the well-known cocycle ^ ^ in 
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if^(Vect(S'^), The following paragraph shows that all affine cocycles of 50 with coefficients in the 

(linear) representation space iS<2"^ are of this form. 



3.3 Affine cocycles of sti and SV on the space of Schrodinger operators 

The representations of groups and Lie algebras described above are of affine type; if one has linear 
representations of the group G and Lie algebra ^ on a module M, one can deform these representations 
into affine ones, using the following construction. 

Let C : G M (resp c : G — > M) be a 1-cocycle in Z]-jj{G,M) (resp Z^{g,M)); it defines an 
affine action of G (resp Q) by deforming the linear action as follows: 

g * m = g.m + G{g) 

^ * m = ^.m + c(^) 

respectively. Here the dot indicates the original linear action and * the affine action. One deduces 
from the formulas given in propositions 3.5 and 3.6 that the above representations are of this type; the 
first cohomology of SV (resp sti) with coefficients in the module S'^J^ (equipped with the linear action) 
classifies all the affine deformations of the action, up to isomorphism. They are given by the following 
theorem: 



Theorem 3.8. 



The degree-one cohomology of the group SV (resp Lie algebra s^) with coefficients in the module 5<2 



<2 

(equipped with the linear action) is two-dimensional and can be represented by the following cocycles: 

-forSV: Ci((/),(a,6)) = | 2a" 

2b' - aa" 





C2(0, («,&)) = 
-/or so: Ci{Lf,+Yf,+Mf,) 

( ' 

c,{Lj,+Yf,+Mj,)= 

V/o 

(one easily recognizes that Gi and Ci correspond to the representations given in prop. 3. 7 and prop. 3. 6 
respectively.) 

Proof: One shall first make the computations for the Lie algebra and then try to integrate explic- 
itly; here, the "heuristical" version of Van-Est theorem, generalized to the infinite-dimensional case, 
guarantees the isomorphism between the groups for SV and so (see ^2], chapter IV). 
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So let us compute H^{s\J, M) ~ x f), M) for M = (equipped with the hnear action). Let 

c : ^ X f) — > M be a cocycle and set c = c' + c" where c' = c\g and c" = c|(,. One has c' G Z^{Q, M) 
and c" G Z^{t),M), and these two cocycles are hnked together by the compatibihty relation 

c"([X, a]) - X.{c"{a)) + a.{c'{X)) = (3.35) 

As a ^-module, M = T-2 © ^-3/2 © -^-1, so one determines easily that H^{Q , and H^{Q , J-'-i) 
are one-dimensional, generated by L/^ — /q and L/^ — > fodx respectively, and H^{Q , J-'_3/2) = 
(see chapter IV). One can now readily compute the 1-co homology of the nilpotent part (); one 
easily remarks that the linear action on S'^^J^ is defined as follows: 

Direct computation shows that there are several cocycles, but compatibility condition ()3.35|) destroys 
all of them but one: 



c"(y,, + M,j= I /;' 





/2 



The compatibility condition gives 





c"{[Lf,,Yf, + Mj,]) - Lf, {c"{Yj, + Mf,)) = -^fX 
On the other hand one finds: 

(17, + M;J.(c'(L;J) = (F/, + M^J . 

Hence the result, with the right proportionality coefficients, and one obtains the formula for Ci. 

One also remarks that the term with f^dx disappears through the action of {), so it will induce an 

independent generator in if^(st), iS"'^-^), precisely C2. 

Finally the cocycles Ci and C2 in H^{SV,S'^^2^) are not so hard to compute, once we have determined 
the action of H on iS<2'^, which is unipotent as follows: 

' 7o 
7i + 2a7o 

^ 72 + ail - a^7o 

□ 



3.4 Action on Dirac-Levy-Leblond operators 

Levy-Leblond introduced in j2I] a matrix differential operator "Dq on ]R"'+^ (with coordinates t, ri, . . . , r^) 

/ Ao \ 

of order one, similar to the Dirac operator, whose square is equal to — Aq © Id = — 

V ^0/ 





^70^ 




a,b). 1 


71 


H 




{12 J 
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for Aq = 2M.dt — Yl'i=i ^n- S*^' some sense, Vq is a square-root of the free Schrodinger operator, just 
as the Dirac operator is a square-root of the D'Alembertian. The group of Lie invariance of Vq has been 
studied in |35|, it is isomorphic to Sch'^ with a reahzation different but close to that of Proposition 1.1. 

Let us restrict to the case d = 1 (see jH21 for details). Then Vq acts on spinors, or couples of 

functions ^ ^ of two variables t, r, and may be written as 

--). ,3.3a) 

One checks immediately that = — Aq ® Id. 

From the explicit realization of set) on spinors (see jS21); one may easily guess a realization of so 
that extends the action of scf), and, more interestingly perhaps, acts on an affine space T)"'^^ of Dirac- 
Levy-Leblond operators with potential, in the same spirit as in the previous section. More precisely, 
one has the following theorem (we need to introduce some notations first). 

Definition 3.2. 

Let P'*" he the vector space of first order matrix operators on M? defined by 



DeV^'^^^D = hir,t)Vo+i^y^^^^^ JjJ, h,VeC^iR') 
and V^ff, the affine subspaces ofV^^"^ such that 

We shall call Dirac potential a matrix of the form ^ y^^^ ^-j ) ' ^ ^ C°°(]R^). 
Definition 3.3. 

Let c?7r^ (A G C) be the infinitesimal representation of SO on the space ~ (C°°(M^))^ with 
coordinates t, r, defined by 

d^i{Lf) = i-fm-lnt)rdr-\Mnty)0id 



4 



dTTliYg) = {-g{t)dr-Mf'{t)r)®ld-f'{t)0(^^^ [jj; (3.38) 
dirliMh) = -Mf{t)0ld. (3.39) 



Theorem 3.9. 
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1. Let da : Hom('D^*"', P'*") defined by the left-and-right infinitesimal action 

da{X) : D ^ d'nl{X)o D - D o dnUX). 

2 

Then da maps T>tl2 ^^^^ vector space of Dirac potentials. 

2. If one represents the Dirac potential V = ( ^ /,x !! I or, indifferently, the 
^ ^ ^ \ goity + giit)r + g2it) Oj ' ^' 

( ^° ^ 

Dirac operator Vq + V , by the vector \ gi \ , then the action of da on is given by the same 

formula as in Proposition 3.6, except for the affine terms (with coefficient proportional to M. or 
M."^) that should all be divided by 2M.. 

We shall skip the proof (in the same spirit as Theorem 3.4, Proposition 3.5 and Proposition 3.6) 
which presents no difficulty, partly for lack of space, partly because the action on Dirac operators doesn't 
give anything new by comparison with the case of Schrodinger operators. 

Note that, as in the previous section, one may define a 'shifted' action 

dax{X) : D rf7r^+i(X) oD-Do (X) (3.40) 

which will only modify the coefficients of the affine cocycles. 

As a concluding remark of these two sections, let us emphasize two points: 

-contrary to the case of the Hill operators, there is a free parameter A in the left-and-right actions 
on the affine space of Schrodinger or Dirac operators; 

-looking at the differences of indices between the left action and the right action, one may consider 
somehow that Schrodinger operators are of order one, while Dirac operators are of order |! (recall the 
difference of indices was 2 = | — (— |) in the case of the Hill operators, which was the signature of 
operators of order 2 - see |3]). 

So Schrodinger operators are somehow reminiscent of the operators d + u oi order one on the line, 
which intertwine with J^i+\ for any value of A. The case of the Dirac operators, on the other hand, 
has no counterpart whatsoever for differential operators on the line. 



3.5 About multi-diagonal differential operators and some Virasoro-solvable 
Lie algebras 

The original remark that prompted the introduction of mult i- diagonal differential operators in our 
context (see below for a definition) was the following. Consider the space M? with coordinates r, t, C, as 
in Chapter 1. We introduce the two-dimensional Dirac operator 

J5o = f * ) . (3.41) 

1 \ /'r'oo/Tn)3\\2 



acting on spinors 

[ ] ^ (C°°(]R3))2 - the reader will have noticed that "Dq 

can be obtained from the 

\<P2 J 

Dirac-Levy-Leblond operator of section 3.3 by taking a formal Laplace transform with respect to 
the mass. The kernel of T>q is given by the equations of motion obtained from the Lagrangian density 

(02(5r0i - 2(9^02) - 0i(5t0i - 5r02)) dt dr dC,. 



29 



Let dnl be the Laplace transform with respect to M. of the infinitesimal representation of so given 

2 

in Definition 3.3. Then (i7fi(sct)) preserves the space of solutions of the equation T^o ( t.^ ] =0, 

2 \ ^2 / 

01,02 e C°°(R=^). Now, by computing Vq (^dnKX) (^^^ ior X e st> and (^^^ ^ in the kernel of 

Vq, it clearly appears (do it!) that if one adds the constraint dc(j)i — 0, then Vq ( dTt1{X) ( 

\ 2 y 02 



for every X G 5D, and, what is more, the transformed spinor y ^ j ~ d-Ki{X) J ^^^'^ satisfies 

the same constraint d^i/ji = 0. One may realize this constraint by adding to the Lagrangian density 
the Lagrange multiplier term {hd^cpi — hd^ipi) dt dr dC,. The new equations of motion read then 
-h/2 \ 

02 with 

-01 I 

( 2d(^ dr dt \ 

(3.42) 




This is our main example of a multi-diagonal differential operator. Quite generally, we shall call 
multi- diagonal a function- or operator-valued matrix M = (Mjj)o<ij<d_i such that Mjj = Mj+^j+fc for 
every admissible triple of indices i,j,k. So M is defined for instance by the d independent coefficients 
Mo,o, ■ ■ ■ , Mqj, . . . , Mo,(i_i, with Mqj located on the j -shifted diagonal. 

An obvious generalization in d dimensions leads to the following definition. 



Definition 3.4. 

Let be the d x d matrix differential operator of order one, acting on d-uples of functions H — 
( ho \ 

'■ on M'^ with coordinates t = {to, ... , td-i), given by 
\ hd-i J 



( 9t,_, dt,_ 




V 



/ 



(3.43) 



So is upper-triangular, with coefficients Vfj = d^_.^^_^, i ^ j- The kernel of is defined by a 
system of equations linking ho, ... , ha-i. The set of differential operators of order one of the form 



d-l 



X = + A = ( J] f,{t)dt,) Id + A, A = e MatdUC^i^^)) 



(3.44) 



i=0 



preserving the equation V^H — forms a Lie algebra, much too large for our purpose. 

Suppose now (this is a very restrictive condition) that A = diag(Ao, . . . , A^.i) is diagonal. Since 
V'' is an operator with constant coefficients, [Xi, V''] has no term of zero order, whereas [A, V^Jij = 
^idti_j+a-i ~ ^k-j+d-i^j — i) does have terms of zero order in general. One possibility to solve this 
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constraint, motivated by the preceding examples (see for instance the representation dux of (jl.'27p . 
with A4 replaced by 9^), but also by the theory of scaling in statistical physics (see commentary 
following Proposition 1.1.), is to impose Aj = Aj(to), i = 0, . . . ,d — 2, and A^-i = 0. Since [X, V^] 
is of first order, preserving KerV^ is equivalent to a relation of the type [X, V^] = AV^, with A = 
A{X) G Matdxd{C°°(M^))- Then the matrix operator [Xi, V^] is upper-triangular, and multi-diagonal, 
so this must also hold for AV^ — [A, V^]. By looking successively at the coefficients of dt^_^_i on the 
Z-shifted diagonals, / = 0, . . . , — 1, one sees easily that A must also be upper-triangular and multi- 
diagonal, and that one must have Aj(to) — \+i{io) = A(to) for a certain function A independent of i, 
/ {d-l)X \ 



so A 



A 



V 



. Also, denoting by Oq = A, 



0,0; 



, ttd-i = Aq ^-i the coefficients of the 



0/ 



first line of the matrix A, one obtains : 



duf, = {^>J)■, 

ao = dtofo + {d- 1)A = dt,h + {d-2)X = ... = dt^_Jd-u 
a-i = dtji = dtj'i+i = ... = dt^_^_Jd-i (i = 1, . . . , d - 1). 
In particular, /o depends only on to- 



(3.45) 

(3.46) 
(3.47) 



From all these considerations follows quite naturally the following definition. We let Aq G MatdxdiM) 

/ d-1 \ 

be the diagonal matrix Aq = 



Lemma 3.10. 

Let mdf {e G M) be the set of differential operators of order one of the type 

X = (^fo{to)dt, + J2 fiii)9t}j ® Id - £/o(to) ® Ao (3.48) 

preserving KerV^. 

Then mc)^ forms a Lie algebra. 
Proof. 

Let X be the Lie algebra of vector fields X of the form 

X = Xi + Xo = (^fo{to)dt, + J2 f^(t)9t}j ® Id + A, A = diag(A,),=o,...,d-i e Matrfxd(C°°(M^)) 

preserving KerV^. Then the set {Y = Eto I 3A G MatdxdiC°°(^'^)), Y + A E X} of the 
differential parts of order one of the elements of X forms a Lie algebra, say Xi. Define 

d-l d-1 
i=0 i=0 
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Let 1" = (E fi{t)dt.) (g) Id - ef(^{t) (g) Aq, Z = (X) 9i{t)dti) Id - (g) Aq be two elements of A'f : then 
[y, Z] = ((/o^; - fMto)dto + . . .) ® Id - - /o^o)'(io) ® Ao 

belongs to Xf, so A"^^ forms a Lie algebra. Finally, raOf is the Lie subalgebra of consisting of all 

differential operators preserving KerV''. 

□ 

It is quite possible to give a family of generators and relations for mDf. The surprising fact, though, 
is the following : for d > 4, one finds by solving the equations that /q is necessarily zero if e 7^ (sec 
proof of Theorem 3.11). So in any case, the only Lie algebra that deserves to be considered for c? > 4 
is xoOq. 

The algebras mO^ {d = 2,3), txiDq {d > 4) are semi-direct products of a Lie subalgebra isomorphic 
to Vect(5'^), with generators 

4? = {-fo{to)dt, + . . .) (8) Id - efl^ito) (g) Ao 

and commutators [L^f^, L^g^] — L^f^^-f^g' ^ with a nilpotent Lie algebra consisting of all generators with 
coefficient of dt^ vanishing. When d — 2,3, one retrieves reahzations of the familiar Lie algebras 
Vect(5'^) K Ti+s and sti^- 

Theorem 3.11. (structure of mD'^). 

1. (case d = 2). Put t = to,r = ti: then mi)^ = {L^f\ L^g^^) f,gec°°{s^) with 

Lf = i-fm - (1 + ^)f'{t)rdr) ® Id + ef'it) ® ^ (3.49) 

L« = -git)dr. (3.50) 

It is isomorphic to Vect(5'-'^) K Ti+e- 

2. (case d = 3). Put t = to,r = tiX = h-' then md^ = {L^f\ L^g \ L%) f,g,hec°°{s^) ^^^^ 

4°^ = (-im - (1 + e)f{t)rdr - (1 + 2e)f{t)C + ^f"{ty d^^ m+efm 1 

(3.51) 

L'^^^^-g{t)dr-g'it)rdc, (3.52) 

4'^ = -hm- (3.53) 
The Lie algebra obtained by taking the modes 

Ln — -^jn+l) = 4m+l+e) -^p ~ -^jp+l+2£ (3.54) 

is isomorphic to stii+2e (see Definition 1.7). In particular, the differential parts give three inde- 
pendent copies of the representation dit o/so when £ = — |. 

3. (case e ^0,d>2) Then mt)f ~ Vect(5'^) (g) R[r]]/r]'^ is generated by the 

d—l—k / ^ d—i—k \ 

4'^ = -9ito)\ - E 9^\to)t\-' i^^hdt,,, + ^— ^ Yl , 9 e C^iS') (3.55) 

k — 0, . . . ,d — 1, with commutators [Lg \ L^^^] = 4*'t-g/i' ^/^ + J ^ ^ ~ 1; ^l^^- 
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Proof. 

: a set of necessary and sufficient conditions 
for X to be in xtiOf has been given before Lemma 3.10, namely 

9tjj = if i > j, 

(1 + e{d - l))/^(io) = dtjiih, h) + e{d - 2)/^(io) = ■ ■ ■ = dt,_Jd-i{to, ■ ■ ■ , ^d-i) 

and 

dtofi = 5*1 /m = . . . = dt^_._Jd-i (i = 1, . . . , 0? - 1). 
Solving successively these equations yields 

fi{to, ...,ti) = {l + ei)fM ■ U + ff\to, ti.i), I > 1; (3.56) 

/W(to, . . . = dtjf\to) . ti-i + (1 + £)/,^'(to) / ' ' tic^ti-i + fl'\to, . . . ,ti-2); (3.57) 

At the next step, the relation 9to/2 = dt^^fs yields the equation 

(1 + 25)/^'(to) . t2 + (/f ')''(to) . ti + 2(1 + 5)/nto) . ti + (/['l)'(to) = (1 + ^)/^^ 

which has no solution as soon as e 7^ and /q 7^ 0. So, as we mentioned without proof before the 
theorem, the most interesting case is e = when d > 4. 

The previous computations completely solve the cases d — 2 and d = 3. So let us suppose that 

d> 4 and e = 0. 



Then, by solving the next equations, one sees by induction that /o, . . . , fd-i may be expressed in 
terms of d arbitrary functions of to, namely, /o = /o°^, f\^\ . . . , f^_i \ and that generators satisfying 
= for every i ^ k fixed, are necessarily of the form 

d-l-k 

for functions Qk+j that may be expressed in terms of fj. and its derivatives. 

One may then easily check that L^'^\k] is of this form and satisfies the conditions for being in mDf, 

SO we have proved that the L^^\ k — 0, . . . ,d — 1, f E C°°{S^), generate mt)^. 

All there remains to be done is to check for commutators. Since L^*^ is homogeneous of degree — i 

for the Euler-type operator Ylk=])^'^kdt^., one necessarily has [L^^\L^g ''] = L^c[Pg) ^^"^ ^ certain function 

C (depending on / and g) of the time-coordinate to. One gets immediately [L^f\ Lf^] — L^fg^fg'- Next 
(supposing / > 0), since 

4°^ = - E ^'(9)du - i9'{to)ti + F°(to, . . . , t.-i))a, + . . . 

1=0 

where E^{g), i = 0, — 1 do not depend on ti, and 

4') = -h{to)d,, + ..., 
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one gets [L^ ,L['] = {gh' - g'h){to)dti + . . ., so [L^ ', L)/] = Ly^_gf^,. Considering now A;, Z > 0, then 
one has 

i-i 

Lf^ = - E EKm^^u - ih'{to)U + Ftito, ti-i)dt,^, 

i=0 

where Ef(g), i = 0, . . . , / — 1, do not depend on ti, and a similar formula for L^^\ which give together 
the right formula for [Lg'\ Lf^]- 

□ 

Let us come back to the original motivation, that is, finding new representations of SO arising in a 
geometric context. Denote by d7r^^'^^ the realization of so given in Theorem 3.11. 

Definition 3.5 

Let dn^ be the infinitesimal representation of on the space 

~ (C~(M2))3 ^^^i^ coordinates 

t, r, defined by 



dp{Lf) = (^-f(t)dt-^f{t)rdr^ 0ld + fit) -i ^ j (3.58) 



, 1 \ . / 1 

+ ^nt)r ® [ M + if'^^y ® ( I ; (3-59) 

1 \ / 1 

dp{Yf) = -f{t)dr®ld + f{t)®\ 1 j+/"(t)r^( |; (3.60) 

1 

dp{Mf) = fit) ® I I . (3.61) 

Proposition 3.12. 

For every X e sO, dn^iX) o V - V o dn^^^^^X) = 0. 
Proof. 

Let X e so; put dn^'^'^^X) = -(/o(t)9t + fit, r)dr + /2(t, r, O^c) (g) Id - fit) 



1 



1 

2 





The computations preceding Lemma 3.10 prove that [dTr^^'*^) (X) , V''] = A(X)V'^, AiX) being the 
upper-triangular, multi-diagonal matrix defined by 

AiX)o,o = dj2, AiX)o,i = drf, AiX)o,2 = dj2. 

Hence one has 

/ 1 \ 2 / 1 

MLf) = '^fit) I 1 j + '-fit) I I , 
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A{Y,) = g'{t) 1+ rg"{t) 




and 




Hence the result. 

□ 

Remark. 

Consider the affine space 

/ 5-0 9i 92 \ 

H^// = {V+( ^0 91 \ \9o.9i.92^C^{S^^^^)]. 

Then one may define an infinitesimal left-and-right action do of so on TH!^^ by putting 

da{X){y + V) = dn^iX) o{V + V)-{V + V)o d7c'^^'°\X), 

but the action is simply linear this time, since dTT^ o V = V o diT^^'°\X). So this action is not very 
interesting and doesn't give anything new. 

4 Cartan's prolongation and generalized modules of tensor 
densities. 

4.1 The Lie algebra 5t) as a Cartan prolongation 

As in the case of vector fields on the circle, it is natural, starting from the representation dfc of SD given 
by formula ()1.18p . to consider the subalgebra fsD C so made up of the vector fields with polynomial 
coefficients. Recall from Definition 1.6 that the outer derivation 62 of so is defined by 

62(1^) = n, 62{Y,„) = m - ^, 62{M^) = n - 1 {n e Z,m e ^ + Z). (4.1) 

and that 62 is simply obtained from the Lie action of the Euler operator tdt + rdr + C^^c repre- 
sentation dn. The Lie subalgebra fso is given more abstractly, using 62, as 

fso = (BtZiS^k (4.2) 

where so^ = {X G SO | 52{X) = kX} = (L^, F^^i , M^+i) is the eigenspace of 82 corresponding to the 
eigenvalue k E Z. 

Note in particular that so_i = (L-i, YLi , Mq) is commutative, generated by the infinitesimal trans- 
lations dt,dr,d(; in the vector field representation, and that go = {Lq,Yi, Mi) = {Lq) x {Yi,Mi) is 
solvable. 

Theorem 4.1. 
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The Lie algebra fsf is isomorphic to the Cartan prolongation o/sti_i®5tio where 5t)_i ~ (-'^-i, Y^i , Mq) 
andstio - {Xo,Yi,Mi). 
Proof. 

Let st>n (^ = 1,2,...) the n-th level vector space obtained from Cartan's construction, so that the 
Cartan prolongation of st)_i ®5t)o is equal to the Lie algebra 5t)_i ©sOq © ©n>i0n- It will be enough, to 
establish the required isomorphism, to prove the following. Consider the representation dit of so. Then 
the space [)„ defined through induction on n by 

^_i = 7r(5t)_i) = (ai,a„ac) (4.3) 

f)o = 7r(st)o) = {tdt + ^rdr, tdr + rd^, td^) (4.4) 

f)fc+i = {Xe Xk+i I [X, C f)fc}, {k > 0) (4.5) 

(where is the space of vector fields with polynomial coefficients of degree k) is equal to T:{st>n) for 
any n > 1. 

So assume that X = f{t, r, Qdt + g{t, r, Qdr + h{t, r, Qd(^ satisfies 
[X, c 7r(st)„) = + l{n + l)rr9, + j(n + l)nr-V29c, + {n + l)t''rd^, ^+^9^). (4.6) 

In the following lines, Ci,C2,C3 are undetermined constants. Then (by comparing the coefficients 
oidt) 

/(t,r,C) = Cir+'. 
By inspection of the coefficients of dr, one gets then 

dMt, r, C) = Y(n + l)(n + 2)f V + C2(n + 2)r+i 

so 

with an unknown polynomial G{r, Q. But 

so ^.^(r, C) = 0. 

Finally, by comparing the coefficients of di^, one gets 

[X, L_i] = {n + 2)Ci[r+iai + i(n + l)rra,] + C2(n + 2)^+^9, + 9^ 

so 

at/i(t, r, C) = + 2)(^ + l)nr-V2 + C2(n + 2)(n + l)t"r + C3(n + 2)r+^ 

whence 

h{t, r,Q^^{n^ 2) (n + l)rr2 + C2(n + 2)r+V + ^3^+' + i/(r, C) 
where i?(r, C) is an unknown polynomial. Also 

[X, = ^(n + 2)r+^a, + ^(n + 2)(n + i)rrac + C2(n + 2)r+^ac + a,i/(r, 
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so H = H{() does not depend on r; finally 



dC dC 



soG = H = 0. 

□ 

Remark : by modifying slightly the definition 
substituting := -tdt - (1 + e)rdr - (1 + 2e)Cd^ 
Theorem 3.11 for an explicit realization of sDi+2£)- 

4.2 Coinduced representations of 50 



of SDo, one gets related Lie algebras. For instance, 
for Lq leads to the 'polynomial part' of S0i+2e (see 



In order to classify 'reasonable' representations of the Virasoro algebra, V. G. Kac made the follow- 
ing conjecture: the Harish-Chandra representations, those for which io acts semi-simply with finite- 
dimensional eigenspaces, are either higher- (or lower-) weight modules, or tensor density modules. As 
proved in [22] and [221; o'^^ essentially two types of Harish-Chandra representations of the Virasoro 
algebra : 

- Verma modules which are induced to Dir from a character of t5ir+ = (Lq, Li, . . .), zero on the subal- 
gebra t)ir>i = (Li, . . .), and quotients of degenerate Verma modules (see Section 6 for a generalization 
in our case); 

- tensor modules of formal densities which are coinduced to the subalgebra of formal or polynomial 
vector fields Vect(S'^)>_i = Lq, . . .) from a character of Vect(S'^)>o that is zero on the subalgebra 
Vect(5'^)>i. These modules extend naturally to representations of Vect(S'^). 

We shall generalize in this paragraph this second type of representations to the case of so. Note that 
although we have two natural graduations on SD, the one given by the structure of Cartan prolongation 
is most adapted here since st)_i is commutative (see PP). 

Let dp be a representation of sVq = {Lo,Yi, Mi) into a vector space Tip. Then dp can be trivially 
extended to SD+ = Q)i>oSVi by setting dp{J2i>o^^i) = 0- Let fso = ©j>_iSt)i C so be the subalgebra of 
'formal' vector fields: in the representation dn, the image of fsD is the subset of vector fields that are 
polynomial in the time coordinate. 

Let us now define the representation of fso coinduced from dp. 

Definition 4.1. 

The p-formal density module {'Hp, dp) is the coinduced module 

Hp = Honiz,(,„^)(W(fso),7^p) (4.7) 
= {0 : W(fso) ^ Hp linear | 0(f/o\/) = dp{Uo).(piV), Uo E U,,^,V G W(fso)}} (4.8) 

with the natural action o/W(fsD) on the right 

{dp{U).(f)){V) = (j){VU), U,V e W(fsD). (4.9) 

By Poincare-BirkhofT- Witt's theorem, this space can be identified with 

Hom(ZY(so+) \W(fsD),7^p) ~ Hom(Sym(so_i),7^p) 
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(linear applications from the symmetric algebra on st)_i into 'Hp)-, and this last space is in turn isomor- 
phic with the space Tip r, C]] of Ti^- valued functions of r, through the application 

7ip®M[[i,r,C]] — > Hom(Sym(st)_i),7ip) (4.10) 
F(i,r,C) <f>p^ : {U ^ duF\t=o,r=o,c=o) (4.11) 

where du stands for the product derivative dj^j yk jvf' = {—dty{—dr)''{—dc^y (note our choice of signs!). 

-1 _ 1 

We shall really be interested in the action of fst) on functions F{t,r, Q that we shall denote by dup, 
or da for short. 

The above morphisms allow one to compute the action of fsO on monomials through the equality 



j\k\i)^'=''^='''='^'^''^^^-^^ ^ JkUl mX)4F){Ll,Y\Ml) (4.12) 

(t)F{LL^Y\MlX), Xefso. (4.13) 



j\k\l\ ■ ' —2 
In particular, 

so da{L_i).F = -dtF; similarly, d(T{Y_i).F = -drF and da{Mo).F = -d^F. 

So one may assume that X e st)+ : by Poincare-Birkhoff- Witt's theorem, L-'_iY\MqX can be 

2 

rewritten as U + V with 

U e 5t)>oW(fsD) 

and 

V = V1V2, Vi e W(sDo), V2 e W(sD_i). 

Then (f)F{U) — by definition of Hp, and 0f(^) may easily be computed as 0f(^) — dp{Vi) (g) 
dv2\t=o,r=o,(;=oF . 

Theorem 4.2. 

Let f G M.[t], the coinduced representation dp is given by the action of the following matrix differential 
operators on functions: 



dp{Lf) = (^-fm - lnt)rdr - \f"{tydi^ ®ldn, + f\t)dp{Lo) + ^-f%t)rdp{Y^)+^-f'\tydp{M,y 

(4.14) 

dp{Yf) = i-fm - nt)rdc) ® Id^^ + nt)dp{Yi) + f"{t)r dp{M,); (4.15) 
dp{Mf) = -f{t)d^ ^ Idn, + fit) dp{M,). (4.16) 



Proof. 
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One easily checks that these formulas define a representation of fso. Since Y-i, Mq, Lq, Li, L2) 
generated fsD as a Lie algebra, it is sufficient to check the above formulas for Lq,Li,L2 (they are 
obviously correct for L_i,Y_i, Mq). 

Note first that Mq is central in fsO, so 

d^^{da{X).F) = da{X).{d[F). 

Hence it will be enough to compute the action on monomials of the form Pr^ ® v, v e Tip. 
We shall give a detailed proof since the computations in U (fst)) are rather involved. 
Let us first compute dalLg) : one has 

{-dty{-drf\t=o,r=o{da{Lo).F) = (t>F{V_{f\Lo) 

2 

2 Z 2 

= MLoLl,Y\-{j + '^)Ll,Y\) 
2 z 2 



dp(Lo){-d,y(-drr - u + l)(-dty(-drr 



m 



so 



da{Lo) = -tdt - -rdr + dp{Lo). 



Next, 



(t^{Li,Y\L{) = <t>{Li^L^Y\ - kLi^Y^Y\^ + ^^^^ ^^ Li.yV^o) 



2 ^ 



2 ^ 2 Z 2 

2' 2' 

A;(A; - 1) 



-(/.(LiiyVMo) 



+ jk{-dty-\-dr)' - ^^^^d^{-d^y{-dr)'-']F{o) 



hence the result for da{Li). 
Finally, 



2 2 2 2 2 

= 0((-3jLiLr/ + 3j{j - l)LoLif - j{j - - 2)U_\')Y\) 

2 

- hct>{-2jY.Lt,W\' + j{j - l)U-,'Y\ ) + h{k - mMAY'T' - jMoLi^'Y^'] 
z 2 2 22 2 2 

= [(3j(j - i)dp{Lo){-d,y-'-j{j - i)(j - 2){-dty''){-dr)' 

- - 2jdp{Y.){-d,y-\-drf-' + 3{j - i){-d^y-\-drf) 

+ y,{k-i){dp{M,){-dty{-drf-^ + jd^{-dty-\-drf-^^^^ 
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Hence 

da{L2) = -t^dt - h^rdr - ^ir^a^ + 3t''dp{Lo) + ^iV dp{Yi) + ^r^ dp{M^). 

□ 

Let us see how all actions defined in Chapter 3 (except for the coadjoint action!) derive from this 
construction. 

Example 1. Take Hp^ = R, dpxiLo) = -A, dpxiVi) = dpx{Mi) = (A e R). Then dpx = ^tta 
(see second remark following Proposition 1.6 for a definition of diix). 

Example 2. The linear part of the infinitesimal action on the affine space of Schrodinger operators 
(see Proposition 3.4) is given by the restriction of dp-i to functions of the type go(t)r^ + gi{t)r + 52 (^)- 

Example 3. Take Hp, = R^ dpxiLo) = ^ - Aid, dpxiY^) = - ( ? q ) ' ^Pa(Mi) = 

0. Then the infinitesimal representation ciTT^ of Definition 3.3 (associated with the action on Dirac 
operators) is equal to dpx (up to a Laplace transform in the mass). 

Example 4. (action on multi-diagonal matrix difTerential operators) Take Hp — R^, dp{Lo) = 
1 

dp{Yi) — dp{Mi) = on the one hand; 



1 

"2 





Ha^R^ dp{Lo) =1 -| I , dp{Yi] 

1 

and dp{Mi) — \ | on the other. Then dTr^^''^^ = dp and di:^ — da (see Proposition 3.11 in 



Section 3.4). 

The fact that the coadjoint action cannot be obtained by this construction follows easily by com- 
paring the formula for the action of the Y and M generators of Theorem 3.2 and Theorem 4.2: the 
second derivative /" docs not appear in ad*(y/), while it does in dp{Yf) for any representation p such 
that dp{Mi) 7^ 0; if dp{Mi) = 0, then, on the contrary, there's no way to account for the first derivative 
/' in ad*(M/). 

Remcirk: The problem of classifying all coinduced representations is hence reduced to the problem of 
classifying the representations dp of the Lie algebra {Xq, Yi , Mi) . This is a priori an untractable problem 
(due to the non- semi- simplicity of this Lie algebra), even if one is satisfied with finite-dimensional 
representations. An interesting class of examples (to which examples 1 through 4 belong) is provided 
by extending a (finite-dimensional, say) representation dp of the (ax -\- 6)-typc Lie algebra {Xq,Yi) to 
{Xq, Yi, Ml) by putting dp{Mi) = dp{Yiy. In particular, one may consider the spin s-representation da 
of sl(2, M), restrict it to the Borel subalgebra considered as (Xq, Yi), 'twist' it by putting da^ := dcr-l-AId 
and extend it to {Xq, Yi, Mi) as we just explained. 
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5 Cohomology of 5t) and t5t) and applications to central ex- 
tensions and deformations 



Cohomological computations for Lie algebras are mainly motivated by the search for deformations and 
central extensions. We concentrate on tsD in the first three paragraphs of this section, because the 
generators of tso bear integer indices, which is more natural for computations. The main theorem is 
Theorem 5.1 in paragraph 5.1, which classifies all deformations of tsD; Theorem 5.5 shows that all the 
infinitesimal deformations obtained in paragraph 5.1 give rise to genuine deformations. One particularly 
interesting family of deformations is provided by the Lie algebras tsd\ (A G M), which were introduced 
in Definition 1.7. We compute their central extensions in paragraph 5.2, and compute in paragraph 
5.3 their deformations in the particular case A = 1, for which tsDi is the tensor product of Vect(5'^) 
with a nilpotent associative and commutative algebra. Finally, in paragraph 5.4, we come back to the 
original Schrodinger-Virasoro algebra and compute its deformations, as well as the central extensions 
of the family of deformed Lie algebras SV\. 



5.1 Classifying deformations of tsti 

We shall be interested in the classification of all formal deformations of tso, following the now classical 
scheme of Nijenhuis and Richardson: deformation of a Lie algebra Q means that one has a formal 
family of Lie brackets on Q, denoted [ , ]t, inducing a Lie algebra structure on the extended Lie algebra 
Q k[[t]] = Q[[t]]- As well-known, one has to study the cohomology of Q with coefficients in the adjoint 

k 

representation; degree-two cohomology H'^{Q,Q) classifies the infinitesimal deformations (the terms 
of order one in the expected formal deformations) and H^{Q,Q) contains the potential obstructions 
to a further prolongation of the deformations. So we shall naturally begin with the computation of 
i7^(tso, tso) (as usual, we shall consider only local cochains, equivalently given by differential operators, 
or polynomial in the modes): 



Theorem 5.1 

One has dim if ^(tso, tso) = 3. A set of generators is provided by the cohomology classes of the cocycles 
ci, C2 and c^, defined as follows in terms of modes (the missing components of the cocycles are meant to 
vanish): 

Cl{Ln,Ym) = —"^Yn+mi Ci(Ln, Mn) = —nMn+m 

C2{Ln,Y^m) = C2{Ln, Mm) = 2iVf„_|_m 

CsiLn, Lm) = [m- n)Mn+m 



Remarks: 

1. The cocycle Ci gives rise to the family of Lie algebras tsDe described in Definition 1.7. 

2. The cocycle C3 can be described globally as C3 : Vect(S'^) x Vect(5'^) — > given by 



/ 9 

r 9' 



csifd, gd) 

This cocycle appeared in (TU] and has been used in a different context in 



Before entering the technicalities of the proof, we shall indicate precisely, for the comfort of the 
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reader, some cohomological results on Q = Vect(5'^) which will be extensively used in the sequel. 

Proposition 5.2. (see or ^21, chap. IV for a more elementary approach) 

(1) Invg{J^x ® ^fi) = unless /i = — 1 — A and JF^ = JF^; then Invg{J^x JF^) is one-dimensional, 
generated by the identity mapping. 

(2) H\Q, T\ ® Tjj) = if \ ^ 1 — fj, and X or fi are not integers. 

(1) and (2) can be immediately deduced from \10^, theorem 2.3.5 p. 136-137. 

(3) Let Wi he the Lie algebra of formal vector fields on the line, its cohomology represents the algebraic 
part of the cohomology ofQ = Vect(S'^) (see again (TUI, theorem 2.4.12). Then H^{Wi, Hom{!Fx, JF^)) 
is one- dimensional, generated by the cocycle {fd,adx~^) — > f adx~''^ (cocycle Ix in ^lOj, p. 138). 

(4) Invariant antisymmetric bilinear operators JF;\XjF^ — > JF^ between densities have been determined 
by P. Grozman (see |11J, p. 280). 

They are of the following type: 

(a) the Poisson bracket for v = \ + ^ — 1, defined by 

{fdx-\gdx-^} = iXfg'-^if'g)dx~^''-^-'^ 

(b ) the following three exceptional brackets : 

X ^1/2 T-i given by {fd^''^,gd^''^) \{fg" - gf")dx; 
.^0 X JFq ^ JF_3 given by {f,g) -> {f" g' - g"f')dx^; 

and an operator JF2/3 x JF2/3 JF_5 called the Grozman bracket (see m, p 274). 

Proof of Theorem 5.1. 

We shall use standard techniques in Lie algebra cohomology; the proof will be rather technical, but 
without specific difficulties. Let us fix the notations: set tsD = ^ x () where Q = Vect(S'^) and i) is the 
nilpotent part of tsD. 
One can consider the exact sequence 

— >l) — ^^xf) — >g — .0 (5.1) 
as a short exact sequence of Q t< i) modules, thus inducing a long exact sequence in cohomology: 

y H\iso, g) — > H\i5^, [)) — > H\i5^, tsD) — > H\is^, g) — > H^{is^, [)) — (5.2) 

So we shall consider if*(tst), g) and if *(tst), t)) separately. 

Lemma 5.3: 

H*{isv,g) = for* = 0,1,2. 
Proof of Lemma 5.3: 

One uses the Hochschild-Serre spectral sequence associated with the exact sequence (5.1). Let 
us remark first that H*{g , H*{i),g j) = H*{g,H*{t)) (g) g) since [) acts trivially on g. So one has to 
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understand i?*(f)) in low dimensions; let us consider the exact sequence — > n — > i) — > y — > 0, 
where n = [f), f)]. As ^-modules, these algebras are density modules, more precisely n = JFq and y = 
So H^{1)) = y* = J-'-3/2 as a ^-module. Let us recall that, as a module on itself, Q = T\. One gets: 
^P'O = i7P(^, ^) = as well-known (see [IHl), 

The determination of cohomologies of Vect(S'^) with coefficients in tensor products of modules of den- 
sities has been done by Fuks (see chap. 2, thm 2.3.5, or Proposition 5.2 (2) above), in this case 
everything vanishes and E^'^ = 0. 

One has now to compute -ff^(f)) in order to get £^2'^ = Invg{H'^{hi) ® Q). We shall use the decom- 
position of cochains on f) induced by its splitting into vector subspaces: f) = n © |/. So C^(f)) = n* ®y* 
and C^(f)) = A^n* © A^|/* © ?/* A n*. The coboundary d is induced by the only non- vanishing part 
d : n* — > K^y* which is dual to the bracket K^y — > n. So the cohomological complex splits into three 
subcomplexes and one deduces the following exact sequences: 

— >xC ^ A^y* — ^ Ml — >0 

— — > A^n* ^ AY ® n* 
— > M3 — >y* An* ^ A^ 

3 

and H^{i)) = Mi©M2©M3. One can then easily deduce the invariants Invg{H'^{\))®Q) = ^ Invg{Mi® 

i=l 

Q) from the cohomological exact sequences associated with the above short exact sequences. One has: 

— ^ Invg{M2 ® ^) — > Invg{A\* G) = 

and 

— > InvgiMs ®g) — > Invg{y* A n* ® ^) = 

from Proposition 5.2; 

^ Invg{AY ^G)-^ Invg{Mi ® G) ^ H\g, n* ® Q) ^ H\g, A^ ® G) ■ ■ ■ 

From the same proposition, one gets Invg{A^y* ® Q) = Q and we shall see later (see the last part 
of the proof) that is an isomorphism. So Invg{H'^{i)) ®) Q) = and i?2'^ = 0. The same argument 
shows that -Eg'^ = 0, which ends the proof of the lemma. 

□ 



From the long exact sequence (5.2) one has now: if*(tsO, tso) = iJ*(tso, [)) for * = 0, 1, 2. We shall 
compute if*(tst), f)) by using the Hochschild-Serre spectral sequence once more; there are three terms 
to compute. 



1. First E^'° 



H'\g, i7"(f), f))), but H'\[), [)) = Z{i)) = n = ^0 as ^-module. So E^'^ = H'\g, ^0) 



/ 9 

n)Mn+m- Hence we have found one of the classes announced in the theorem 



which is one-dimensional, given by C3{fd,gd) 



, or in terms of modes C3{Ln,Lr, 



[m 



2. One must now compute E2' = H^(Q, ([),[))). The following lemma will be useful for this 
purpose, and also for the last part of the proof. 
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Lemma 5.4 (identification of i?^(f), f)) as a ^-module). 

The space H^{i), f)) splits into the direct sum of two Q-modules f)) = ® 'H2 such that 

1. InvgUi = 0, H\g,n2) = 0; 

2. InvgTii is one-dimensional, generated by the 'constant multiplication' cocycle I defined by 

l{Yn) = y„, l{Mn) = 2M„ (5.3) 

3. H^{g,TCi) is two-dimensional, generated by two cocycles ci,C2 defined by 

c,{fd,gd'/') = f'gd'/\ c,{fd,g) = 2fg 

and 

c^ifd, gd'/') = fgd'/', c^ifd, g) = 2fg. 

4. H^{g,Ti.i) is one-dimensional, generated by the cocycle cu defined by 



c,2{fd,gdM'^) 



f 9 
f 9' 



hd^/\ ci2{fd,gd,h)^2 



f 9 
f 9' 



h 



Proof of lemma 5.4: 

We shall split the cochains according to the decomposition t) = j/ © n. Set C^([), I)) = Ci © C2, where: 

Ci = (n* ® n) e {y* ®y) C2 = (n* ® y) © (y* (g) n). 
So one readily obtains the splitting i?^(f), I)) = Hid) TC2 where 

— >ni — > (n* ® n) © (y* ®y)-^ A^y* ® n 

d being the coboundary on the space of cochains on [) with coefficients into itself. Its non vanishing 
pieces in degrees 0, 1 and 2 are the following ones: y — > y*®n, n*®x\. — > K^y*®xi, y*®y — > h?y*®xi. 
We can now describe the second exact sequence in terms of densities as follows: 

Txi2 J^-3/2 ® .Fo ^ 7^2 ^ (5.4) 

From Proposition 5.2, one has Invg{J^s/2 ® J-'o) = as well as H'^{Q,J^i/2) = 0, for i = 0,1,2, 
and H^{Q,J^^s/2 ® J-'o) = 0. So the long exact sequence in cohomology associated with (5.3) gives 
Invg{H2) = and H\g,n2) = 0. 

For Til, one has to analyse the cocycles by direct computation. So let / e Ci given by l{Yn) — 
an{k)Yn+k, K^n) = bn{k)Mn+k- The cocycle conditions are given by: 

dl{Yn,Ym)^l{im-n)Mn+m)-Yn ■ l{Ym)+Ym ■ l{Yn) ^ 

for all {n,m) G Z^. So identifying the term in Mn+m+k, one obtains: 

(m — n)bn+m{k) — {m — n-\- k)am{k) — (n — m + k)an{k) 



so bn+m{k) = am{k) + a„(fc) + -^{am{k) - a„(fc)) = f{n, m, k). 

One can now determine the an{k), remarking that the function f{n, m, k) depends only on k and (n+m). 
One then obtains that a„(A;) must be affine in n so: 

a-nik) = n\{k) + ji{k) 

hn{k) = n\{k) + k\{k) + 2/i(A;) 
So, as a vector space Tii is isomorphic to ^^C(A(A;)) ^^C(;u(A;)), two copies of an infinite direct sum 

k k 

of a numerable family of one-dimensional vector spaces. 

Now we have to compute the action of Q on Hi, let Lp G Q, one has 

{Lp ■ l)(Yn) = {{n - |)a„+p(A;) - (n + k - |)a„(A;))F„+p+fc 
n{p - k)X{k) - A(A;) + kfi{k))) Y^+p+k 



So if one sets {Lp ■ /)(F„) = {n{Lp ■ X){k + p) + {Lp ■ ij){k + p))Yn+p+k 
one obtains: 

{Lp-X){k + p) = {p-k)\{k) 
{Lp-n){k + p) = -^X{k) + kfi{k) 

Finally, Hi appears as an extension of modules of densities of the following type: 

— > JFq — > Hi — > Ti — > 0, in which JFq corresponds to C{fi{k)) and J-'i to C{X{k)). 

k k 

There is a non-trivial extension cocycle 7 in Extg{J-'i, J-'q) = H^{Q, Hom{Ti, given by 'j{fd){gd) 
f g; this cocycle corresponds to the term in in the above formula. In any case one has a long exact 
sequence in cohomology 



H\g,Hi 



H\G,Ti 



As well-known, H*{Q,J^i) = H*{Q,Q) is trivial, and finally H'^{Q,J-'o) is isomorphic to H\Q,Hi). In 
particular H^{Q,Hi) = H'^{Q,J-'o) is one-dimensional, given by the constants; a scalar induces an 
invariant cocycle as l{Yn) = fiYn, l{Mn) = 2/iM„. 

Moreover, H^{Q, J-'q) has dimension 2: it is generated by the cocycles Ci and C2, defined by Ci{fd) = f 
and C2{fd) = f respectively. So one obtains two generators of H^{Q,Hi) given by 



and 



ci{fd,gd'/') 
C2{fd,gd'/'] 



f'gd'/', ci{fd,g) = 2fg 
-fgd'/\ C2{fd,g) = 2fg 



respectively. 

Finally H'^{Q,Tq) is one-dimensional, with the cup-product C12 of ci and C2 as generator (see jHH, 



p. 177), so ci2{fd,gd) 



H\g,Hi 



f 9 
f 9' 



Ci2{fd,gdM'^] 



and one deduces the formula for the corresponding cocycle C12 in 
hd^/\ ci2{fd,gd,h) = 2 



f 9 
f 9' 



f 9 

r 9' 
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This finishes the proof of Lemma 5.4. 



□ 



So, from Lemma 5.4, we have computed eI'^ = if^(P), f))); it is two-dimensional, generated 

by ci and C2, while earlier we had H'^{Q, H^{i), f))) = -£^2''^, a one-dimensional vector space generated by 
C3. We have to check now that these cohomology classes shall not disappear in the spectral sequence; 
the only potentially non-vanishing differentials are -E^'^ — > £"2'° and E^'^ — > E2^. One has E2^ = 
H^iG, i)) = H^iGyi^) = H^{Q,J-'o) = (see [lOj p. 177); here we consider only local cohomology), then 
£"2'^ is one-dimensional determined by the constant multiplication (see above) and direct verification 
shows that £3'^ — > E^'^ vanishes. So we have just proved that the cocycles Ci, C2 and C3 defined in the 
theorem represent genuinely non-trivial cohomology classes in if^(tsD, tso). 

3. In order to finish the proof, we still have to prove that there does not exist any other 
non-trivial class in the last piece of the Hochschild-Serre spectral sequence. We shall thus prove that 
£2'^ = InvgH'^{^, f)) = As in the proofs of the previous lemmas, we shall use decompositions of the 
cohomological complex of f) with coefficients into itself as sums of ^-modules. 

The space of adjoint cochains C^(f), f)) will split into six subspaces according to the vector space 
decomposition {) = ?/© n. So we can as well split the cohomological complex 

C\\),\)) ^ C\\),\)) ^ C\[)M 

into its components, and the coboundary operators will as well split into different components, as we 
already explained. So one obtains the following families of exact sequences of ^-modules: 

(n* ® n) © {y* ®y) ^ A^y* © n — > Ai — >0 (5.5) 

— > K — > {K^y* ®y)® (n* Ay* ®y) A^y* n 

— >n*®y ^ K — > A2 — ^0 (5.6) 
— > A3 — >n* Ay* (»y ^ {A^y* y) ® (n* A A'^y*) © n 
— ^ — > A^n* © n ^ (n* A A'^y*) © n 

— > A5 — > A^n* ^y {n* A A^y*) © y © (A^n* Ay*)®n 

The restrictions of coboundary operators are still denoted by 9, and the other arrows are either inclusions 

5 

of subspaces or projections onto quotients. So one has H'^{\),\)) = 0^i, and our result will follow 

i=l 

from InvgAi = 0, i = 1,...5. For the last three sequences, the result follows immediately from the 
cohomology long exact sequence by using Invg{xC Ay* ®y) = 0, InvgA^n* ® n = 0, InvgA^n* ®y = Q\ 
there results are deduced from those of Grozman, recalled in Proposition 5.2. (Note that the obviously 
^-invariant maps n n — > n and n ® y — > y are not antisymmetric!) So one has InvgAi = for 
i = 3,4,5. 

An analogous argument will work for K, since Invg A^y* © y = and Invg{n* A y*) © y = from 
the same results. So the long exact sequence associated with the short sequence (5.5) above will give: 

— y Invg{K) — > Invg{A2) H\g, n* © y) 

One has H^{g,n* ®y) = i/^(^, © J'l/s) = (see Proposition 5.2). So Invg{A2) = 0. 
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For Ai, we shall require a much more subtle argument. First of all, the sequence (5.4) can be split 
into two short exact sequences: 



— >ni — > {n* ® n) ® {y* (E) y) — > B — >0 

— ^ B — ^ A%* ® n — > Ai — ^ 0. 

Let us consider the long exact sequence associated with the first one: 

— > InvgHi — ^ Invg{n* n) © Invg{y* ® y) — > InvgB — ^ ■ • • 

■■■-^ H\g,ni) H\g,n* (S)n)®H\g,y* (g)y) ^ H\g,B) ^ ■■■ 
> H\g, Hi) H\g, n* ® n) © H\g, y*®y)^ H\g, B)^--- 

The case of H^{g, 'Hi)-, i = 0, 1, 2 has been treated in Lemma 5.4, and analogous techniques can be 
used to study W{g,n* © n) and H\g,y* © y) for 2 = 0, 1,2. The cohomology classes come from the 
inclusion JFg c n* © n, © y or TCi, and from the well-known computation of H*{g, JFq) (Remark: using 
the results of Fuks [lOj, chap 2, one should keep in mind the fact that he computes cohomologies for 
Wi, the formal part of ^ = Vect(5'^). To get the cohomologies for Vect(5'^) one has to add the classes 
of differentiable order (or "topological" classes), this is the reason for the occurrence of C2 in Lemma 
5.4). 

So H^{g, Hi) = H^{g, n*©n) = H^g, y*'S)y), i = 0,1, 2, and the maps on the modules are naturally 
defined through the injection Hi — > (n* ©n) © (?/*©?/): each generator of H\g, Hi), i = 0,1, 2,, say e, 
will give (e, — e) in the corresponding component of H\g, (n* ©n) © (y* ©y)). So InvgB and H'^{g, B) 
are one- dimensional and H^{g,B) is two-dimensional. 

Now we can examine the long exact sequence associated with: 

— ^ B ^ A'^y* © n — > Ai — ^ 0, 

which is: 

— > InvgB ^ InvgA^y* © n — > InvgAi — > H\g, B) — > H\g, A^y* © n) — ^ ■ • ■ 

The generator of InvgB comes from the identity map n — > n, and Invg A^y* © n is generated by the 
bracket y /\y — > n, so d* is an isomorphism in this case. So one has 

^ InvgAi {g, B) {g, A^y* © n) 

The result will follow from the fact that this d* is also an isomorphism. The two generators in H^{g, B) 
come from the corresponding ones in H^{g,xC © n) © H^{g,y* © y), modulo the classes coming from 
H^{g,Hi); so these generators can be described in terms of Yoneda extensions, since if^(^, JFq © JFq) = 
Extg{J^o,^o), as well as H^{g,J^*^^ ©^1/2) = Extl{J^i/2, ^^1/2)- 

Let us write this extension as — > — > E — > — > 0; the action on E can be given in terms 
of modes as follows: 

e;^(/a, Qh) = {afn+a + ^fi-fe+n, ^fi-fe+n) 

or 

e^(/a, 9b) = {afn+a + Qb+n, hg^+n)- 
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The images of these classes in H^{Q , h?y* ® n) are represented by the extensions obtained through a 
pull-back 

— ^Jo — > E — > To — ^0 

II T T[,] 

— > Jo > E' > — ^ 

where [ , ] denotes the mapping given by the Lie bracket !\^T\i2 — ^ ^o- One can easily check that 
these extensions are non-trivial, so finally d* is injective and lnvg{^A\) = 0, which finishes the proof of 
ii^2'^ = InvgH'^{i), f)) = and the proof of Theorem 5.1. 
□ 



Theorem 5.1 implies that we have three independent infinitesimal deformations of iso, defined by 
the cocycles Ci, C2 and C3, so the most general infinitesimal deformation of t5t) is of the following form: 

[ , ]x,t,,u =[ , ]+ \Ci+ 1X02 + 1^03. 

In order to study further deformations of this bracket, one has to compute the Richardson-Nijenhuis 
brackets of Ci, C2 and C3 in i7^(tso, tso). One can compute directly using our explicit formulas and 
finds [cj, Cj] = in H^{ts\j, tso) for i,j = 1, 2, 3; and even better, the bracket of the cocycles themselves 
vanish, not only their cohomology classes. So one has the 

Theorem 5.5. 

The bracket [ , ]\^^,u = [ ? ] + -^Ci -|- /iC2 + Z/C3 where [ , ] is the Lie bracket on tsD and Cj, i = 1,2,3 the 
cocycles given in Theorem 5.1, defines a three-parameter family of Lie algebra brackets on tso. 
For the sake of completeness, we give below the full formulas in terms of modes: 

[Ln, Lm]\,^,,u = (m - n)Ln+m + I'i'm - n)Mn+m 

[Ln, Mm]\,f,,u = {m- \n + 2^)Mn+m 
Ym] = (n - m)Mn+m 

All other terms are vanishing. 

The term with cocycle C3 has already been considered in a slightly different context in [T^. The term 
with C2 induces only a small change in the action on f): the modules and jFg are changed into T\i2,p, 
and J-Q^^ (see JUl; P-127), the bracket on f) being fixed. This is nothing but a reparametrization of the 
generators in the module,and for integer values of /x, the Lie algebra given by [ , ]o,/i,o is isomorphic to 
the original one. 

We shall focus in the sequel on the term proportional to ci, and denote by tstiA the one-parameter 
family of Lie algebra structures on tsD given by [ , ]a = [ , ]a,o,o, in coherence with Definition 1.7. 
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Inspection of the above formulas shows that IsDa is a semi-direct product Vect(S'^) x i)x where ()a is a 
deformation of f) as a Vect(S'^)-module: one has b\ = JFi+a © JF^, and the bracket J-'i+x x JFi+a — > T\ 

2 2 2 

is the usual one, induced by the Poisson bracket on the torus. 

Now, as a by-product of the above computations, we shall determine explicitly i^^^(tst), tso). 

Theorem 5.6. 

if ^(tsD, tso) is three- dimensional, generated by the following cocycles, given in terms of modes by: 

Ci(L„) = Mn C2(L„) = nMn 
l{Yn) = Yn l{Mn) = 2M„. 

The cocycle I already appeared in Chapter one, when we discussed the derivations of tsD; with the 
notations of Definition 1.6 one has I = 2(62 — 61). 

Proof: 

From Lemma 5.3 above, one has H^{tsv,Q) = 0, and so ii^(tso, tso) = if^(tsti, f)). One is led to 
compute the of a semi-direct product, as already done in paragraph 3.3. The space ii^(tst), f)) is 
made from two parts H^{G, i)) and H^{i), f)) satisfying the compatibihty condition as in Theorem 3.8: 

c([X,a])-[X,c(a)] = -[«,c(X)] 

for X G ^ and a G f). 

The result is then easily deduced from the previous computations : H^{Q, P)) = H^{Q, n) is generated 
by fd — > f and fd — > f, which correspond in the mode decomposition to the cocycles ci and C2. As 
a corollary, one has [a, c(X)] = for X G ^ and a G f). Hence the compatibility condition reduces to 
c([X, a]) = [X, c(a)] and thus c G InvgH^^l), f)). It can now be deduced from Lemma 5.4 above, that 
the latter space is one-dimensional, generated by /. 

We shall now determine the central charges of is\j\; the computation will shed light on some excep- 
tional values of A, corresponding to interesting particular cases. 

5.2 Computation of //^(tst)A,M) 

We shall again make use of the exact sequence decomposition — > i)x — > is^x — G — ^ 0, and 
classify the cocycles with respect to their "type" along this decomposition; trivial coefficients will make 
computations much easier than in the above case. First of all, — > H^{Q,M.) H'^{ts\Jx,M.) is an 
injection. So the Virasoro class c G H'^{Vect{S^),M.) always survives in H^{tsVxj^)- 

For ()a, let us use once again the decomposition — > nx — > f)A — ^ Ux — ^ where xxx = [i)x, ^x]- 

One has: H\g,H\l)x)) = H\g,yl) = H\g,J'U) = H^G.J'r^X 

2 ^ 2 ' 

The cohomologies of degree one of Vect(S'^) with coefficients in densities are known (see [TU] .Theorem 
2.4.12): the space H^{Q , J^_f^z+\^ is trivial, except for the three exceptional cases A = —3, —1, 1: 

H^{Q,^q) is generated by the cocycles fd — > f and fd — > /'; 
H^{Q 1 is generated by the cocycle fd — > f"dx; 

H^{Q 1 ^-2) is generated by the cocycle fd — > f"'{dxY, corresponding to the "Souriau cocycle" 
associated to the central charge of the Virasoro algebra (see m, chapter IV). 



49 



In terms of modes, the corresponding cocycles are given by: 
Ci(L„, Y^) = C2(L„, F„) = n6°^^ for A = -3; 

C(L„, Ym) = n^S^+rn = 

c{Ln, Ym) = for A = 1. 

The most dehcate part is the investigation of the term £2''^ = InvgH'^{i)\) (this refers of course to 
the Hochschild-Serre spectral sequence associated to the above decomposition). For H'^{[)\) we shall 
use the same short exact sequences as for f) in the proof of Lemma 5.3: 

— > Kerd — > A^l A'^yl A < 

— > Kerd — >ylAnl^ A^yl 

— >nl — > A^yl — > Cokerd — > 

(where n^^ stands for n\ divided out by the space of constant functions). One readily shows that for the 
first two sequences one has InvgKerd = 0. The third one is more complicated; the cohomology exact 
sequence yields: 

— > InvgCokerd — > H\g,nl) — > H\g, X'^yl) — 

The same result as above (see [10 , Theorem 2.4.12) shows that: 

H\g, nl) = H\g, J-(-i-A)) = unless A = 1, -1, 0, 

and one then has to investigate case by case; set c(Yp, Yg) = ap6pj^q for the potential cochains on y\. 
For each n one has the relation: 

{adL„c){Yp,Yq) - {q-p)-f{L^){Mp+q) = (5.6) 

for some 1-cocycle 7 : g — > n\, and for all {p, q) such that n + p + g = 0; if 7(L„)(Mfc) = &ri5°_,_^_,_fc, 
one obtains in terms of modes, using = — a_p: 



(p + g) 



Let us now check the different cases of non- vanishing terms in H^{g,n\). 
For A = 1 one has bn = n^, and one deduces Op = p^. 

For A = — 1 there are two possible cases bn = n or bn = I, the above equation gives 

gap - pag = {q - p){a{p + q) + /?); 

the only possible solution would be to set constant, but this is not consistent with ap = —a^p. For 
A = 0, one gets bn = and the equation gives 

^—1 {ttp + ttg) + qap - pag - {q ~ p){p + qf = 

One easily checks that there are no solutions. 
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Finally, one gets a new cocycle generating an independent class in H^[tsQi, M), given by the formulas: 

c{Ln, Mm) = n^6n+m 

Let us summarize our results: 
Theorem 5.7. 

For A 7^ —3, —1, 1, H'^{tsd\,M.) c^M. is generated by the Virasoro cocycle. 

For X = -3, -1, H^iisOx, M) ^ is generated by the Virasoro cocycle and an independent cocycle of 
the form c{Ln, Ym) = S^+m for A = -3 or c(L„, F„) = n^5^ri+m for A = -1. 

For A = 1, if^(tst)i, M) ~ M'^ is generated by the Virasoro cocycle and the two independent cocycles Ci 
and Ci defined by (all other components vanishing) 



C2(L„, Mm) = C2(r„, Ym) = nH^ 



n+m 



Remark : The isomorphism iJ^(sDo)I^) — has already been proved in [14,. As we shall see in 
paragraph 5.4, generally speaking, local cocycles may be carried over from tsD to so or from so to tso 
without any difficulty. 

Let us look more carefully at the A = 1 case. One has that f)i = J^i® J^i with the obvious bracket 
J^i X J^i — > T\\ so, algebraically, ()i = Vect(S'^) = 0). One deduces immediately that 

tsOi = Vect(S'^) ® ]R[£:]/(£:^ = 0); so the cohomological result for tsOi can be easily reinterpreted. Let 
f^d and g^d be two elements in Vect(S'^) = 0), and compute the Virasoro cocycle c{fed, g^d) = 

Jsi fe gedt as a truncated polynominal in e; one has fe = fo + £fi + ^^/2 and ge = go + ^gi + ^^^72 so 
finally: 

c{fed, ged) = / f'o'godt + e {f^ gi + f'igo)dt + (/o"^2 + f'l gi + f'2 go)dt. 

In other terms: c{fed,ged) = Co{fed,ged) + eci{fed,ged) + e'^C2{fed, g^d). One can easily identify the 
Ci, 2 = 0, 1, 2 with the cocycles defined in the above theorem, using a decomposition into modes. This 
situation can be described by a universal central extension 

— ^ — ^ tsOi — ^ Vect{S^) R[e]/{£^ = 0) — >0 

and the formulas of the cocycles show that tsDi is isomorphic to Vir (e^ = 0) 

Remarks: 

1. Cohomologies of Lie algebra of type Vect(S'^) where A is an associative and commutative 

R 

algebra (the Lie bracket being as usual given by [fd ® a,gd ®h] = {fg — gf )d ® ah), have been 
studied by C. Sah and collaborators (see [IHl)- Their result is: H'^ Vect(S'^) (x) ^ ) = A' where 



A' = HomR{A,'R)] all cocycles are given by the Virasoro cocycle composed with the linear form 
on A. The isomorphism if^(t5t)i, M) ~ M.^ (see Theorem 5.7) could have been deduced from this 
general theorem. 
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2. One can obtain various generalisations of our algebra () as nilpotent Lie algebras with Vect(S'^)-like 
brackets, such as 

[YnXn] = {rn-n)Mn+m (5.7) 
by using the same scheme. Let A be an artinian ring quotient of some polynomial ring ]R[ti, . . . , t„] 
and Aq d A its maximal ideal; then Vect(S'^) is a nilpotent Lie algebra whose successive 

R 

brackets are of the same type ()5.7|1 . One could speak of a "virasorization" of nilpotent Lie algebras. 
Explicit examples are provided in the subsection 3.5 about multi-diagonal operators of the present 
article. 

3. It is interesting in itself to look at how the dimension of i7^(tst3A,K) varies under deformations. 
For generic values of A, this dimension is equal to one, and it increases for some exceptional values 
of A; one can consider this as an example of so called "Fuks principle" in infinite dimension: 
deformations can decrease the rank of cohomo logics but never increase it. 

4. Analogous Lie algebra structures, of the " Virasoro-tensorized" kind, have been considered in a 
quite different context in algebraic topology by Tamanoi, see jSU] ■ 



5.3 About deformations of tsOi 

We must consider the local cochains Cl^J^istii, tsOi). The Lie algebra tsOi admits a graduation mod 3 by 
the degree of polynomial in e, the Lie bracket obviously respects this graduation; this graduation induces 
on the space of local cochains a graduation by weight, and Cl^^{{s'Oi, tsDi) splits into direct sum of sub- 
complexes of homogeneous weight denoted by (7^^^(1501, tsOi)(p). Moreover, as classical in computations 
for Virasoro algebra, one can use the adjoint action of the zero mode Lq (corresponding geometrically 
to the Euler field z-^) to reduce cohomology computations to the subcomplexes C^^J^isXii, tst)i)(p)(o) of 
cochains which are homogeneous of weight with respect to ad Lq (see e.g. [12], chapter IV). 

We can use the graduation in e and consider homogeneous cochains with respect to that graduation. 
Here is what one gets, according to the weight: 

• weight 1: one has cocycles of the form 

c{Ln, Ym) = ijn — n)Mn+m-, c{Ln, Lm) = {tTL — n)Yn-^-m 

but if b{Ln) = Yn, then c = db. 

• weight 0: all cocycles are coboundaries, using the well-known result H*(Vect{S^),Yect{S^)) = 0. 

• weight -1: one has to consider cochains of the following from 



c(F„, M„) = 


a{m — 


n)Mn+m 


(^(Ynj Y^^ 


h{m — 


^)Yn+m, 


c(L„, Mm) = 


: e(m - 


n)Yn-\-m 


'-'(-^n; Ym) 


d{m — 


'^)Ln+m 


and check that dc = 0. It readily gives e = d = 


■ 0. 





If one sets c(F„) = aL„ and c(M„) = /5F„, then 

9c(y„, Mm) = {a + (3){m- n)Mn+. 
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So all these cocycles are cohomologically trivial, 

• weight -2: set 

c{Mn, Mm) - P{m - n)Mn+m 

c{Ln, Mm) = l{m - n)Ln+m 

Coboundary conditions give 7 = 0; and /3 = 7 + 0;, but if c{Mn) = Ln, then 

9c(M„, Mm) = (m - n)Yr,+m 

dc(Yn, Mm) = 2(m - n)M„+„ 
^(L„, M^) = (m - n)Ln+m 

• weight -3: we find for this case the only surviving cocycle. 
One readily checks that C e C^*p^(tsOi, tst)i)(_3)(o) defined by 

C{Yn, Mm) = (m - n)Ln+m 

C{Mr,, Mm) = (m - n)r„+„ 
is a cocycle and cannot be a coboundary. 

We can describe the cocycle C above more pleasantly by a global formula: let fe = fo + ^/i + £^f2 and 
9e = 9o + ^Qi + ^'^92, with /j, Qi elements of Vect(5'^). The bracket [ , ] of tsOi is then the following: 

2 

[fe,ge] = ^^[fhgi] or ifsg'e - 9ef'e)\e^=0, 
k=0 i+j=k 

and the deformed bracket [ , ] + A*C will be [fejgeln = {feg'e — g£fe)\£^=n- So we have found that 
dim i?^(t5Di, tsDi) = 1. 

In order to construct deformations, we still have to check for the Nijenhuis- Richardson bracket [C, C] 
in C^(tst)i, tsDi). The only possibly non-vanishing term is: 

[C, C](M„, M„, Mp) = C{C{M„, Mm, ), M^) = J] (m - n)C(i;+^, M^) 

(cycl) (cycl) 

= ^ (pm -pn + n^ - rn?)Ln+m+p = 

So there does not exist any obstruction and we have obtained a genuine deformation. We summarize 
all these results in the following 

Proposition 5.8. 

There exists a one-parameter deformation of the Lie algebra as tsOi,^ = Vect(5'-'^) ®'M\e\/f^^i=^y 
This deformation in the only one possible, up to isomorphism. 
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If one is interested in central charges, the above-mentioned theorem of C. Sah and al., see [21], shows 
that dimif^(tsOi^^, M) = and the universal central extension tsOi,^ is isomorphic to Vir (g)]R[e]/ (£3=^). 
We did not do the computations, but we conjecture that tsDi,^ is rigid, the ring ]R[£:]/(£3=^) being more 
generic than ]R[£:]/(£3=o)- More generally, it could be interesting to study systematically Lie algebras 
of type Vect(S'^) (S> A where A is a commutative ring, their geometric interpretation being "Virasoro 
current algebras". 

5.4 Coming back to the original Schrodinger- Virasoro algebra 

The previous results concern the twisted Schrodinger- Virasoro algebra generated by the modes (L„, Ym, Mp) 
for {n,m,p) G Z'^, which make computations easier and allows direct application of Fuks' techniques. 
The "actual" Schrodinger- Virasoro algebra is generated by the modes (L„,Fm,Mp) for (n,p) G but 
m G Z + |. Yet Theorem 5.1 and Theorem 5.5 on deformations of tso are also valid for SD: one has dim 
i7^(sD,sti) = 3 with the same cocycles Ci,C2,C3, since these do not allow 'parity-changing' terms such 
asLxY—>-MoTYxY^Y for instance (the (L, M)-generators being considered as 'even' and the 
y-generators as 'odd'). 

But the computation of H'^{s\J\,M.) will yield very different results compared to Theorem 5.7, since 
'parity' is not conserved for all the cocycles we found, so we shall start all over again. Let us use the 
adjoint action of Lq to simplify computations : all cohomologies are generated by cocycles c such that 
adLo . c = 0, i.e. such that c(y4fc, Bi) = for k + I 0, A and B being L, Y or M. So, for non-trivial 
cocycles, one must have c(F„, Lp) = 0, c(F„, Mp) = for all F„, Lp, Mp ; in //^(sDa, IR), terms of the type 
H^{Q , H^{[)x)) will automatically vanish. The Virasoro class in H'^{Q,'R) will always survive, and one 
has to check what happens with the terms of type InvgH'^{i)x). As in the proof of Lemma 5.3, the only 
possibilities come from the short exact sequence: 

— ^ — ^ A'^yl — > Cokerd — > 

which induces: — > InvgCokerd — > H^{Q,n\) — > H^{Q,A'^yl) and one obtains the same equation 
(5.6) as above: 

{adL„c)iYp,Yg) + {q-p)^{Ln){Mp+,) = 
If c{Yp, Yq) = ap6p_^_g, the equation gives: 

-«p(P + + ^P+niP - -(P- (l)l{Ln){Mp+q) = 

One finds two exceptional cases with non-trivial solutions: 

• for A = 1, ttp = and c{Ln,Mm) = n^S^_^_^ gives a two-cocycle, very much analogous to the 

Vect(S'"'^) ® ]R[£:]/(e3=o) case, except that one has no term in c(L„, Yp). 

• for A = —3, if 7 = 0, the above equation gives pap = {p + n)ap+n for every p and n. So Op = ^ is 
a solution, and one sees why this solution was not available in the twisted case. 

Let us summarize: 

Proposition 5.9. The space H'^{sV\,M.) is one- dimensional, generated by the Virasoro cocycle, save 
for two exceptional values of X, for which one has one more independent cocycle, denoted by C\, with 
the following non-vanishing components: 
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. /or A = 1; ci(rp, Y^) = pH^^^ and 0,(1^, M,) = p^^^^^, 
.for\ = -3: ci(yp,r,) = %. 

Remark: The latter case is the most surprising one, since it contradicts the well-estabhshed dogma 
asserting that only local classes are interesting. This principle of locality has its roots in quantum 
field theory (see e.g 120] for basic principles of axiomatic field theory); its mathematical status has its 
foundations in the famous theorem of J. Peetre, asserting that local mappings are given by differential 
operators, so - in terms of modes - the coefficients are polynomial in n. Moreover, there is a general 
theorem in the theory of cohomology of Lie algebras of vector fields (see ^U]) which states that continous 
cohomology is in general multiplicatively generated by local cochains, called diagonal in jTOj. Here our 
cocycle contains an anti-derivative, so there could be applications in integrable systems, considered as 
Hamiltonian systems, the symplectic manifold given by the dual of (usually centrally extended) infinite 
dimensional Lie algebras (see for example ^2]) Chapters VI and X). 



6 Verma modules of st) and Kac determinants 
6.1 Introduction 

There are a priori infinitely many ways to define Verma modules on so, corresponding to the two natural 
graduations: one of them (called degree and denote by deg in the following) corresponds to the adjoint 
action of Lq, so that deg(X„) = —n for X = L,Y ot M; it is given by —6i in the notation of Definition 
1.6. The other one, corresponding to the graduation of the Cartan prolongation (see Section 4.1), is 
given by the outer derivation 62- The action of both graduations is diagonal on the generators (X„); 
the subalgebra of weight is two-dimensional abelian, generated by Lq and Mq, in the former case, and 
three-dimensional solvable, generated by Lq,Yi,Mi in the latter case. 

Since Verma modules are usually defined by inducing a character of an abelian subalgebra to the 
whole Lie algebra (although this is by no means necessary), we shall forget altogether the graduation 
given by 62 in this section and consider representations of so that are induced from {Lq, Mq). 

Let si)(n) = {Z e 5X) \ adLo.Z = nZ} {n e |Z), st)>o = ©„>oSO(„), so<o = ©„<oSO(n), so<o = 
5t)<o © 30(0)- Define Ch,^ = Cip {h, G C) to be the character of sO(o) = {Lq, Mq) such that Lqi/j = hip, 
MqiP = fitp. Following the usual definition of Verma modules (see |^ or f^), we extend C/^^^ trivially 
to 50<o by putting s\3^Q.ip = and call Vh,^i the induction of the representation C^^^ to SO: 

V/,,^ = W(sD) ©i^(,„<„) Cft,^. (6.1) 

Take notice that with this choice of signs, negative degree elements F„, M„ {n > 0) applied to ip 
yield zero. 

The Verma module Vh,^ is positively graded through the natural extension of deg from g to U{q), 
namely, we put (Vft,,^)(„) = V(„,) = W(sD>o)(n) © C/,,^. 

There exists exactly one bilinear form ( | ) (called the contravariant Hermitian form or, as we 
shall also say, 'scalar product', although it is neither necessarily positive nor even necessarily non- 
degenerate) on Vh,^ such that {ip \ 'ip) = 1 and X* = X_„, n G |Z (X = L, y or M), where the star 
means taking the adjoint with respect to the bilinear form (see [19j). For the contravariant Hermitian 
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form, (V(j) I V(jk)) — ii j ^ k. It is well-known that the module Vh,^ is indecomposable and possesses 
a unique maximal proper sub-representation /C/i,^, which is actually the kernel of Hermitian form, and 
such that the quotient module Vh,^i/ICh,^ is irreducible. 

Hence, in order to determine if Vh,^ is irreducible, and find the irreducible quotient representation 
if it is not, one is naturally led to the computation of the Kac determinants, by which we mean the 
determinants of the Hermitian form restricted to V(n) x V[n) for each n. 

Let us introduce some useful notations for partitions. 

Definition 6.1. A partition A — {a^, a^, . . .) of degree n — deg(A) e N* is an ordered set a^,a^, . . . 
of non-negative integers such that X]j>i ia^ — n. 

A partition can be represented as a Young tableau: one associates to A a set of vertical stacks of 
boxes put side by side, with (from left to right) stacks of height 1, stacks of height 2, and so on. 

The width wid(A) of the tableau is equal to 'Ylii>i ■ 

By convention, we shall say that there is exactly one partition of degree 0, denoted by 0, and such 
that wid(0) = 0. 

Now any partition A defines elements of W(st)), namely, let us put — X^\X^\ . . . {X stands 
here for L or M) and Y'^ = Y^lY^l . . ., so that deg(X-^) = deg(A) and 

2 2 

deg(r-^) = Y.{i - ]^A^ = deg(A) - ^wid(A) 

i>i 

(we shall also call this expression the shifted degree of A, and write it deg(A)). 

Definition 6.2. We denote by V{n) (resp. V{n)) the set of partitions of degree (resp. shifted 
degree) n. 

By Poincare-Birkhoff- Witt's theorem (PBW for short), V{n) is generated by the vectors 
Z = X'^Y'^M'^'^ where A, B, C range among all partitions such that deg(A) +deg{B) +deg{C) = n. 
On this basis of V(n), that we shall call in the sequel the PBW basis at degree n, it is possible to define 

three partial graduations, namely, deg^(Z) = deg{A), degy(Z) = deg{B) and degj^{Z) — deg(C). 

It is then of course easy to express the dimension of V(n) as a (finite) sum of products of the partition 
function p of number theory, but we do not know how to simplify this (rather complicated) expression, 
so it is of practically no use. Let us rather write the set of above generators for degree n = 0, |, 1, | 
and 2: 

V(o) = (V') 

V(.) = {Y_.^) 

V(i) = ((M_iV^),(r2^^,L_iV')) 
V(3) = {(M_,Y_,^^),{Y\ij,Y_ii:,L_,Y_.^)) 
V(2) = ((M!iV',M_2V^), (M_iF5^,M_iL_i^), (F^i^,F iF 3^,X_iF5^,X_2^,X!i^)). (6.2) 

2 2 2 2 2 

The elements of these Poincare-Birkhoff- Witt bases have been written in the M -order and separated 
into blocks (see below paragraph 6.3 for a definition of these terms). 
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The Kac determinants are quite easy to compute in the above bases at degree 0, |, 1. If {xi, . . . , X(jim(v„)} 
is the PBW basis at degree n, put 

Note that A^" does not depend on the ordering of the elements of the basis {xi, . . . , Xdim{v„)}- 
Then 

A- = l 
Af = {Y_i'i/j,Y_i'il;) = II 

2 2 2 

/ Pi \ 
Af = det 2/i2 pt \ ^ -2i_i\ 

\ fjL jJL 2h j 

For higher degrees, straigthforward computations become quickly dull: even at degree 2, one gets a 
9x9 determinant, to be compared with the simple 2 x 2-determinant that one gets when computing 
the Kac determinant of the Virasoro algebra at level 2. 

The essential idea for calculating this determinant at degree n is to find two permutations a, t of 
the set of elements of the basis, iCi, . . . , a;dim{v„)) in such a way that the matrix ((Xo-Jxr ))jj=i,...,p be 
upper-triangular. Then the Kac determinant A^", as computed in the basis {xi, . . . , a;dim(Vn)}) equal 
(up to a sign) to the product of diagonal elements of that matrix, which leads finally to the following 
theorem. 

Theorem 6.2. 

The Kac determinant A^" is given (up to a non-zero constant) by 

A*" — ii^o<j<n EBerU) {■"Jid(B)+2 Eo<i<n-j P("-J-0(EAeP(i) wid(A))) 

where p{k) := ^V{k) is the usual partition function. 

The same formula holds for the central extension o/so. 

The proof is technical but conceptually easy, depending essentially on the fact that f) contains a 
central subalgebra, namely (M„)„gz, that is a module of tensor densities for the action of the Virasoro 
algebra. This fact implies that, in the course of the computations, the (L, M)-generators decouple from 
the other generators (see Lemma 6.6). 

As a matter of fact, we shall need on our way to compute the Kac determinants for the subalgebra 

(L„, Mn)n& - Vect(5^) X or Vir x Tq. The result is very similar and encaptures, so we think, the 
main characteristics of the Kac determinants of Lie algebras Vect(S'^) x t or Vir x t such that f contains 
in its center a module of tensor densities. A contrario, the very first computations for the deformations 
and central extensions of Vect(S'^) x obtained through the cohomology spaces if^(Vect(5'^), JFq) 
and if^(Vect(S'^)x^o, C) (denoting by K any deformed product) show that the Kac determinants look 
completely different as soon as the image of (M„)„gz is not central any more in 6. 

We state the result for Vir x To as follows. 

Theorem 6.1 Let Virc he the Virasoro algebra with central charge C e R and V — V^^^ = W((Virc x 
•^0)0) ®w((VirciK:Fo)<o) '^h,ti C V/j,^ bc the Verma module representation ofYvCc x !Fq induced from the 
character <Ch,ix, with the graduation naturally inherited from that ofVh,f^- 
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(6.3) 



Then the Kac determinant (computed in the PBW bases) A^"^'*^-^° ofV'f^^^ at degree n is equal (up to 
a positive constant) to 

It does not depend on C. 



6.2 Kac determinant formula for Vir k 

We first need to introduce a few notations and define two different orderings for tfie PBW bases of 
Vir ® Tq. 

Definition 6.3. Let A, B be two partitions of n G N*. One says that A is finer than B, and write 
A B, if A can be gotten from B by a finite number of transformations B^---^D^D'^---A 
where 

D''^D' + C' (i^p), D'P^D'-l, 

C — (C*) being a non-trivial partition of degree p. 

Grapfiically, tliis means tfiat tlie Young tableau of A is obtained from tfie Young tableau of B by 
splitting some of the stacks of boxes into several stacks. 

The relation ^ gives a partial order on the set of partitions of fixed degree n, with smallest element 
(1,1,..., 1) and largest element the trivial partition {n). One chooses arbitrarily, for every degree n, a 
total ordering < of Vin) compatible with ^, i.e. such that {A ^ B) ^ {A < B). 

Definition 6.4. If A is a partition, then := {X~^)* is given by = . . .X^'^X^^ (where X 
stands for L or M). 

Let n G N. By Poincare-Birkhoff- Witt's theorem, the L^^M~'~^ {A partition of degree p, C partition 
of degree p.,q > Q-, p + q — n) form a basis B' of V^, the subspace of V made up of the vectors of 
degree n. 

We now give two different orderings of the set B\ that we call horizontal ordering (or M-ordering) 
and vertical ordering (or L-ordering). For the horizontal ordering, we proceed as follows: 

-we split B' into (n + 1) blocks B'q, . . . ,B'^ such that 

B'^ = {L-^M-^^ I deg(^) = J, deg(C) =n- j}; (6.5) 

-we split each block Bj into sub-blocks B'^ q (also called j-sub-blocks if one wants to be more explicit) 
such that C runs among the set of partitions oin — j in the increasing order chosen above, and 

iS;^ = {L-^M-^^ I deg(A)=j}. 

-finally, inside each sub-block B'^ fj, we take the elements L~^M~^ , A G Vj, in the decreasing order. 
For the vertical ordering, we split B' into blocks 

B'j = {L-^M-^i; I deg(^) = n - J, deg(C) = j}, 

each of these blocks into sub-blocks B'^ j^ where A runs among all partitions oln — j in the increasing 

order, and take the elements L~'^M~'-^ G according to the decreasing order of the partitions C of 
degree j. 
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As one easily checks, M'^ip is at the same place in the vertical ordering as L~^M~'^ in the 
horizontal ordering. Note that the vertical ordering can also be obtained by reversing the horizontal 
ordering. Yet we maintain the separate definitions both for clarity and because these definitions will 
be extended in the next paragraph to the case of SD, where there is no simple relation between the two 
orderings. 

Roughly speaking, one may say that, for the horizontal ordering, the degree in M decreases from 
one block to the next one, the {M^)c&}{n-j) are chosen in the increasing order inside each block, and 
then the are chosen in the decreasing order inside each sub-block; the vertical ordering is defined in 
exactly the same way, except that L and M are exchanged. 

We shall compute the Kac determinant := A^"''^-^" relative to E' by representing it as 

A; = ±det^;, M^^{{H^\V,)\^ (6.6) 

where the {Hj)j e B' are chosen in the horizontal order and the (Vi)i e B' in the vertical order. 
The following facts are clear from the above definitions: 

- the horizontal and vertical blocks BpB'j {j fixed) and sub-blocks BjQ,BjQ {j,C fixed) have same 
size, so one has matrix diagonal blocks and sub-blocks; 

- diagonal elements are of the form [L^^M^'-^ip \ L~'^ M~^ip)-^ 

- define sub-diagonal elements to be the {H\V), H e Bj,V e B'^ such that i > j; then deg^(V^) < 
degM(^); 

- define j- sub- sub- diagonal elements (or simply sub-sub-diagonal elements if one doesn't need to be 
very definite) to be the {H\V), H e B'j^c^^V e B'j^c^ ^ith C2 > Ci. Then deg^iV) = degM{H) = n-j 
and H = L~^^M~^\V = L~^^M~^^ for certain partitions Ai, A2 of degree j; 

- define (j, C)-sub^ -diagonal elements to be the {H\V), H,V e B'^ such that H = L'^^M'^, V = 

l-Cj^-A2 Ai> A2. 

Then the set of sub-diagonal elements is the union of the matrix blocks situated under the diagonal; 
the set of j-sub-sub-diagonal elements is the union of the matrix sub-blocks situated under the diagonal 
of the j-th matrix diagonal blocks; the set of {j, C)-sub^-diagonal elements is the union of the elements 
situated under the diagonal of the (j, C)-diagonal sub-block. All these elements together form the set 
of lower-diagonal elements of the matrix A'^^. 

Elementary computations show that 



with horizontal ordering (M -^ip, L 


V); 
















2/i(l + 2/i) 
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with horizontal ordering {{M'^^ilj, M_2'4>): {L-iM_iijj), {L_2'4': L'^-i'4')) (the blocks being separated by 
parentheses). Note that the Kac determinant of Virc at level 2 appears as the top rightmost 2x2 
upper-diagonal block of A2, and hence does not play any role in the computation of A^. 
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So A'l, A'2 are upper-diagonal matrices, with diagonal elements that are (up to a coefficient) simply 
powers of More specifically, A'^ = —detA'i — —ji^ and A2 = det^2 — 16//®. 

The essential technical lemmas for the proof of Theorem 6.1 and Theorem 6.2 are Lemma 6.1 and 
Lemma 6.2, which show, roughly speaking, how to move the M's through the L's. 

Lemma 6.1 

Let A,C be two partitions of degree n. Then: 

(i) IjA^C, then {L-^^l: \ M-^i/j) = 0. 
(a) IfA<C, then 

(L-^V I M-^V') = a. At^^^(^) (6.7) 
for a certain positive constant a depending only on A and C. 



Proof of Lemma 6.1 

We use induction on n. Take A = {ai), C — (q) of degree n, then 

We shall compute (L^ ^il)\M^'~^ "il)) by moving successively to the left the M_i's, then the M_2's and so 
on, and taking care of the commutators that show up in the process. 



• Suppose Ci > 0. By commuting M_i with the L's, there appear terms of two types (modulo 
positive constants) : 

- either of type 

(fe+l \ 1 CO 

j=cx) / i=k—\ 1=2 

with a'l^ + a'l — ak — 1 (by commuting with Lk- k > 2). But this is zero since transfering Mfe_i (of 
negative degree 1 — k) io the right through the L's can only lower its degree. 

- or of type 

I \\{Lt] {LfM,Lf)MX\\{M%)^l:), 

\i=oo / 1=2 

with a'l + a'l = ai — 1 (by commuting with Li). Since the central element Afo = /x can be taken 
out of the brackets, we may compute this as times a scalar product between two elements of 
degree n — 1. Removing one M_i and one L_i means removing the leftmost column of the Young 
tableaux C and A. Call C", A' the new tableaux: it is clear that A ^ C A' C . So we may 
conclude by induction. 

• Suppose that all ci = . . . = c,_i = and cj > 0. Then, by similar arguments, one sees that all 
potentially non-zero terms appearing on the way (while moving M_j to the left) are of the form 

1 

i=oo ij 
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□ 



EJ=oo - «D = i' with a defined by 

,i=oo / 

Without computing a explicitly, it is clear that a > 0. On the Young tableaux, this corresponds 
to removing one stack of height j from C and (oj — a[) stacks of height i {i — oo, . . . , 1) from A. 
Once again, A C =^ A' C . So one may conclude by induction. 

Lemma 6.2. 

Let Ai, A2, Ci, C2 be partitions such that deg74i + degCi = deg742 + degC2- Then : 



ifdegAi < degAs. 
(a) //deg^li = deg>l2; then 

{L-^^M-'^'i) I L-^^M-^^i)) = {L-^''i)\M-^'i>){M-^^i}\L-'^^i}). (6.8) 

Remcirk. The central argument in this Lemma can be trivially generahzed (just by using the fact 
that the M's are central in f)) in a form that will be used again and again in the next section : namely, 

{il: I UL'^WL-^WM-^^i)) = (C/, V, e W(f))) 

ifdeg((:7i) >deg(C2). 
Proof. 

Putting all generators on one side, one gets 

Assume that deg(Ai) < deg(A2) (so that deg(C2) < deg(Ci)). Let us move M"'^^ to the left and 
consider the successive commutators with the L's: it is easy to see that one gets (apart from the 
trivially commuted term M~^^L~^^) a sum of terms of the type M~'^iL~^i with 

deg(CO + deg(A;) = deg(Ci) + deg(Ai), deg(CO > deg(Ci), deg(A;) < deg(Ai). 

Now comes the central argument : let us commute M^*^! through L*^^ . It yields terms of the type 
Mo"M-^"M^i'L^2 with deg(C2) - deg{C[) = deg(C^) + deg(Cf) - dcg{C'^). 

If 7^ 0, then M~'^" commutes with M^^ gives when set against (-0; so one may assume 
Ci = 0. But this is impossible, since it would imply 

deg(Cn = deg(C2)-deg(C0-deg(C^) (6.9) 

< deg(Ci)-deg(CO (even < if deg(C2) < deg(Ci)) (6.10) 

< 0. (6.11) 
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So 

What's more, the above argument apphed to M~'^^ instead of M~^i, shows that 

{ijj I M^^{L^^M-^')L-'^'^) = {iP I M^'{M-^'L^')L-^'ij) = 

if deg(C2) < deg(Ci). So (i) holds and one may assume that deg(Ai) = deg(>l2), deg(Ci) = deg(C2) 
in the sequel. 

Now move M^^ to the right: the same argument proves that 

But M^2^-^i has deg ree 0, so 

{iP I {L^^M-^'){M^'L-^')i)) = {iP I L^'M-^'iIj){iIj \ M^^L'^'iP) (6.12) 

= (L-^^V I M-^'ijj){M-^'ilj I L-^'iP). (6.13) 

□ 

Corollary 6.3. 

The matrix A'^ is upper- diagonal. 
Proof. 

Lower-diagonal elements come in three classes: let us give an argument for each class. 
By Lemma 6.2, (i), sub-diagonal elements are zero. 

Consider a j-sub-sub-diagonal element {L~'^^M~'^'^ip \ L~^'^M~^'^'4>) with deg(Ci) = deg(C2) = n—j, 
deg(Ai) = deg(742), C2 > Ci. Then, by Lemma 6.2., (ii), and Lemma 6.1, (i), 

{L-^'^M-'^'iIj I L-^'M-^'^ip) = {L-^^i/j I M-^''iIj){M-^^iIj \ L-'^'ip) = 0. 

Finally, consider a (C,j)-sub^-diagonal element {L~^ M^^'^ip \ L~^^ M~'-''ijj) with Ai > A2. By the 
same arguments, this is zero. □ 

Proof of Theorem 6.1 

By Corollary 6.3, one has 

dim(V;) 
i=l 

By Lemma 6.2 (ii) and Lemma 6.1 (ii), the diagonal elements of A'j^ are equal (up to a positive constant) 
to /i. to a certain power. Now the total power of is equal to 

J2 H (wid(^) + wid(C)) = 2 ^ p(n-j) ( E ^id(^)) ■ (6.14) 

Q<j<nA&r{j)C£V(n-j) 0<j<n \AG-P(i) / 

□ 
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6.3 Kac determinant formula for 50 

Let n G |N. We shall define in this case also a horizontal ordering (also called M-ordering) and a vertical 
ordering (also called L-ordering) of the Poincare-Birkhoff-Witt basis B — {L~^Y~^M~^'4! \ deg{A) + 
d5(S)+deg(C) = n} ofV(„). 

The M-ordering is defined as follows (note that blocks and sub-blocks are defined more or less as in 
the preceding sub-section): 

- split B into (n + l)-blocks Bo, . . . , B„ such that Bj = {L-^Y-^M-^ip e B \ deg(C) = n- j}; 

- split each block Bj into sub- blocks Bjc such that Bjc = {L'^^Y"^ M~'^ip e B}, with C running 
among the set of partitions oi n — j in the increasing order; 

- split each sub-block Bjc into sub^-blocks Bjc,K (for decreasing k) with L'^^Y'^M'*^ G ^jC,K ^ 
L-^Y-^M-^ e Bjc and deg(S) = k; 

- spht each sub^-block Bjc,K, into sub^-blocks BjckB where B runs among all partitions of shifted 
degree k (in any randomly chosen order); 

- finally, order the elements L'^Y'^ M-^ijj of Bjc^b {A e V{n - deg(C) - deg(5)) = V{i - k)) so 
that the A^s appear in the decreasing order. 

Then the L-ordering is chosen in such a way that L~'^Y~^M~^ appears vertically in the same place 
as L~'^Y~^M~^ in the M-ordering. From formula (6.2) giving the M-ordering of V(2), it is clear that 
the L-ordering is not the opposite of the M-ordering. 

These two orderings define as in paragraph 6.2 a block matrix An whose determinant is equal to 



n 



We shall need three preliminary lemmas. 
Lemma 6.4. 

Let B — (bj), B' — (b'j) be two partitions with same shifted degree: then 



(6.15) 



Proof. 

Consider the sub-module W C V generated by the Y~^ M~^ijj {P,Q partitions). Then, inside 
this module, and as long as vacuum expectation values {ip \ Y^f^j_^_iy . .Y_^(^j^_i-^ip) are concerned, 
the (yi(j_i), ) can be considered as independent couples of creation/annihilation operators with 
= (2j - l)Mo. Namely other commutators [Yk,Yi] with k + I yield {k - l)Mk+i 
which commutes with all other generators y's and M's and gives when applied to or according 
to the sign of A; -|- Z. The result now follows for instance by an easy apphcation of Wick's theorem, or 
by induction. □ 

Lemma 6.5. 

Let Bi,B2,Ci, C2 be partitions such that Ci 7^ or C2 7^ 0. Then 

{Y-^'M-^'i/j I Y-^^M-^^i/j) = 0. 
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Proof. Obvious (the M^'^'^'s are central in the subalgebra f) C St) and can thus be commuted freely 
with the F's and the M's; set against (-0 or ■0) according to the sign of their degree, they give zero). □ 

Lemma 6.6. 

Let Ai, A2, Bi, B2, Ci, C2 he partitions such that deg(Ai) +deg(Si) +deg(Ci) = deg(A2) +deg(S2) + 
deg(C2)- Then 

(i) //deg(A) < deg(yl2) or deg(C2) < deg(Ci), then 

{L-^^Y'^^M-^^i/j I L-^'Y-^^M-^^i/j) = 0. 

(a) If deg{Ai) — deg(742) and deg(Ci) — deg(C2); then 
Proof of Lemma 6.6. 

(i) is a direct consequence of the remark following Lemma 6.2. So we may assume that deg(Ai) = 

deg(742) and deg(Ci) = deg(C2). Using the hypothesis deg(Ai) = dcg(A2), wc may choose this time to 
move to the left in the expression {ip I M^2yi32^C2^-Aiy-Bi;^^-Ci^N^ Commuting L"^! through 
L'-''^ and Y^'^ , one obtains terms of the type 

with deg(A;) < deg(Ai), and (deg(A;) = deg(Ai)) {A[ = Ai, B'^ = B2, C'^ = C2). So, by the Remark 
following Lemma 6.2, 

= I Y^''L^m'^^L~'^'Y-^'M'^''^) (6.17) 
= {ijj |M^2^-^i^^^^ I Y^^L^^Y-^'M-^'^i/j). (6.18) 

Moving the right in the same way leads to (ii), thanks to the hypothesis deg(Ci) = deg(C2) 

this time. □ 

Corollary 6.7. 

The matrix An is upper- diagonal. 
Proof. 

Lower- diagonal elements / = {L~'-''^Y~^^M~^'^ip \ L~^^Y~^^ M~'-''^ip) come this time in five classes. 
Let us treat each class separately. 

By Lemma 6.6 (i), sub-diagonal elements (characterized by deg(C2) < deg(Ci)) are zero. 

Next, j-sub^-diagonal elements (characterized by dcg(C2) = deg(Ci) = n — j , C2 > Ci) are also 
zero: namely, the hypothesis deg(Ci) = deg(C2) gives as in the proof of Lemma 6.6. 

f ^ {^P\ W^^Y^^L^^L-^^Y-^'M-^'ij) (6.19) 
= (by Lemma 6.1). (6.21) 
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Now (j, C)-sub^-diagonal elements (characterized by Ci = C2 := C, deg(i?2) < deg(-Bi)) are again 
zero because, as we have just proved, 

and this time {ip \ M'^^Y^^L-^^Y-^^ip) = since 

deg(Ai) = J - ckg(5i) < J - d^{B2) = deg(A2). 

Finally, (jC, /t)-sub^-diagonal elements (with Ci = C2 = C, deg-Bi = degi?2, degAi = degy42, 
Bi B2) are by Lemma 6.6 (ii) and Lemma 6.4 since {Y'^'^ip \ Y~^'^ip) = 0, and {jC, KB)-suh^- 
diagonal elements (such that Bi = B2 but A2 < Ai) are by Lemma 6.6 (ii) and Lemma 6.1. (i) since 
{M-^^ip I L-^i^) = 0. □ 

Proof of Theorem 6.2 

By Corollary 6.7., A^" = ± niT^^'"''^'^")^- By Lemma 6.6. (ii). Lemma 6.1 (ii) and Lemma 
6.4., the diagonal element {L~^Y~^ M'^ifj \ L~^Y~^ M~'-'iIj) is equal (up to a positive constant) to 
^wid(A)+wid(B)+wid(c)^ gQ (^ggg proof of Theorem 6.1) A^" = c„yu"" (c„ non-zero constant, G N) with 

an= J2 J2 (wid(5) + <_.), 
where a'^_j is the power of n appearing in A^"^'^° . Hence the final result. □ 
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